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STUDY OF Ir" 
J. A. R. CLouTIER? AND A. HENRIKSON?® 


ABSTRACT 


Using the McGill 100-Mev proton synchro-cyclotron, the half-life of Ir™™ has 
been redetermined and the value 4.53+40.18 s obtained from 55 trials. The mass 
assignment is here based on the study of the excitation curves for both osmium 
and iridium targets. The measured a, = 2.0+0.3 for the observed 126+6 kev 
gamma ray is consistent with the M1+£2 assignment previously made. No 
42-kev gamma ray could be detected. 


INTRODUCTION 

Campbell, Peelle, and Maienschein (1954) were the first to report a 4.4 
+0.5 s gamma activity from iridium bombarded by neutrons. They identified 
it with a previously reported short activity (Howard and Sullivan 1954) found 
by a rapid chemical separation from the decaying Os"!. They observed a 
0.127-Mev gamma ray and assigned this transition to the product of the 
reaction Ir!!(m, n’)Ir!'". Later, Mihelich, McKeown, and Goldhaber (1954) 
irradiated separated iridium isotopes with fast neutrons and observed a 
129-kev gamma ray with a 6.8+1.0s half-life. They also assigned this activity 
to Ir’ and proposed a decay scheme. At the same time, Naumann and 
Gerhart (1954) published a value of 5.6+0.4 s for the half-life of the above 
activity which they observed by performing a rapid chemical separation from 
a sample of natural osmium after a 2-day irradiation in a reactor. More 
recently, Fischer (1955) has measured a half-life of 4.91+0.14s for the same 
isomeric transition. She produced it by a (p, xm) reaction on natural iridium 
and proposed the same decay scheme as Mihelich et al. (1954). 

When these results were published, a series of experiments using both 
osmium and iridium were well under way in this laboratory (Cloutier et al. 
1955). The results of our own investigation confirm some of the above results 


and are reported in this paper. 


EXPERIMENTAL METHOD 


The apparatus used for this research has already been fully described in the 


'1Manuscript received May 23, 1958. 

Contribution from the Radiation Laboratory, McGill University, Montreal, Quebec. The 
method and results of this work were presented as paper No. 29, Section III, Royal Society 
of Canada, June Meeting, 1955. 

2Now at Department of National Health and Welfare, Ottawa. 

3Now at the Defence Research Chemical Laboratory, Defence Research Board, Ottawa. 
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literature (Martin and Breckon 1952; Breckon, Henrikson, Martin, and 
Foster 1954). Briefly, once the target had been inserted in a position selected 
for the proton bombardment, the cyclotron oscillator was triggered for a 
given short period of operation. The target was then immediately withdrawn 
rapidly with the aid of an air cylinder to a magnetically screened position 
in front of a scintillation counter. The output from a counting-rate meter was 
displayed on an oscilloscope and half-lives were obtained from photographs. 
Gamma-ray energies were obtained using either a modification of the method 
of Hofstadter and McIntyre (1950) or a 28-channel kicksorter designed by 
Bell (1954). The target preparation was similar to the one reported by Cloutier 
and Henrikson (1957). Corrections for counting-rate loss have been applied 
to the decay-curve data, and energy-yield curves have been corrected for 
counting losses, cyclotron beam current variations, and incident proton 
energy absorption in the cobalt target envelope. 


EXPERIMENTAL RESULTS 
(a) Osmium 
Specpure osmium sponge was bombarded from 13 Mev up to 75 Mev, proton 
nominal energies. A short-activity yield was observed at low energies. Twenty- 
eight decay-curve photographs were analyzed and gave for this short-activity 
half-life.an average value of 4.46+0.17 s, the error being the root mean square 
deviation from the mean. Figure 1 shows one of the decay curves observed 


T,,*4.45 SECONDS 
2 


COUNTS PER SECOND 





0 5 10 15 20 25 
TIME MARKER SPOTS 


Fic. 1. Decay of Os™. Bombardment energy: 22 Mev. Bombardment time: 0.3 second. 
1.91 spot/second, Nal crystal. 


and the corresponding semilogarithmic plot. No appreciable change in the 
half-life value was noted as the bombardment energy was varied. 

The gamma spectrum revealed only three lines: a 12647 kev, a 63+4 
kev, and a very weak 33+3 kev line. These are average values from the 
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analysis of 22 photographs. The three lines were found to decay with the 
above half-life. The 63-kev line is the Os-Ir K X-ray line. The 33-kev line, 
barely visible in the spectrum under normal exposure, is believed to be the 
escape peak of the 64-kev X-rays in the Nal crystal (35.5 kev). A careful 
search was made for the 42-kev gamma ray, which is thought to be responsible 
for the isomeric transition in Ir'*!" (Mihelich et a/. 1954). However, no trace of 
a gamma ray of such an energy could be positively detected. Figure 2 shows 
a photograph of the observed gamma spectrum where the 126-kev and 
63-kev lines have been much overexposed in order to bring out the much less 
intense line at 33 kev. Figure 3 was obtained using the 28-channel kicksorter. 
With no correction for the variation in photoefficiency of the detector over 
the energy range considered, the A internal conversion coefficient of the 
126-kev gamma ray was found to be 2.1+0.3. 





Fic. 2. Gamma-ray spectrum from osmium. Much overexposed to show the 33-kev line. 
Bombardment energy: 22 Mev. 
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Fic. 3. Gamma-ray spectrum from osmium using the 28-channel kicksorter. Bombardment 
energy: 22 Mev. 
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An excitation curve of this short activity was obtained and is given on 
Fig. 4. The low-energy end of the curve extends a little beyond the calculated 
Coulomb barrier. The curve is of a (p, xn) type and peaks at about 20 Mev. 


25 


20 


RELATIVE YIELD 





| 5 10 Ve 15 20 25 30 


NOMINAL BOMBARDMENT ENERGY (MEV) 


Fic. 4. Excitation curve of the 4.46-second activity from osmium. 


(b) Iridium 

Under bombardment of pure iridium metal from 9 Mev to 75 Mev, proton 
nominal energies, a short-activity yield was observed above 20 Mev. An 
average value of 4.61+0.15s for the period of this activity was obtained 
from the analysis of 27 decay-curve photographs. A decay curve is given on 
Fig. 5. The bombardment energy setting, over the energy range covered, had 
no effect on the measured half-life value. 


% = 4.60 SECONDS 


COUNTS PER SECOND 





0 5 10 IS 20 25 
TIME MARKER SPOTS 


Fic. 5. Decay of Ir, Bombardment energy: 40.1 Mev. Bombardment time: 0.3 second. 
1.87 spot /second, Nal crystal. 
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The gamma spectrum obtained from iridium, Fig. 6, is similar to the one 
already reported for osmium and the same line assignments were made. The 





Fic. 6. Gamma-ray spectrum from iridium. Much overexposed to show the 30-kev line. 
Bombardment energy: 40 Mev. 


average values from the gamma energy measurements made on 20 photographs 
gave: 126+6 kev, 64+4 kev, and 25+8 kev. The above three lines were also 
found to decay with approximately the same half-life. The K internal con- 
version coefficient of the 126-kev line was estimated from Fig. 7 as 2.0+0.3. 
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Fic. 7. Gamma-ray spectrum from iridium using the 28-channel kicksorter. Bombardment 
energy: 40 Mev. 


The excitation curve of this 4.61 second activity is shown on Fig. 8. It is 
seen to be of the (p, pxm) type with the low energy end extending down to 
the calculated Coulomb barrier. 








1258 CANADIAN JOURNAL OF PHYSICS. VOL. 36, 1958 


RELATIVE YIELD 





0 10 Ve 20 30 40 50 


NOMINAL BOMBARDMENT ENERGY (MEV) 


Fic. 8. Excitation curve of the 4.61-second activity from iridium. 


DISCUSSION OF THE RESULTS 


From osmium, a 4.46+0.17s activity has been observed and the gamma 
spectrum revealed three lines which were checked to decay with the above 
half-life: a 126+7 kev, the Os-Ir K X-ray line at 63+4 kev, and a weak 
line at 33+3 kev which was interpreted as being the escape peak of the 
63-kev line in the Nal crystal. The yield curve peaks at an effective bom- 
bardment energy of 19+1 Mev and has the same general shape as a (p, 2”) 
cross section for heavy elements (Bell and Skarsgard 1956; Jackson 1956). 
Although there are a large number of stable osmium isotopes, it is plausible to 
assume that the observed yield is due to a (p, 2m) reaction on the most 
abundant isotope, Os!”, giving Ir’. If this assignment is correct, the other 
osmium isotopes will not distort the shape of the excitation function, as 
they cannot contribute appreciably to the yield. 

Iridium targets yielded a 4.61+0.15s activity with associated gamma 
spectrum essentially the same as the one previously reported for osmium. 
The yield curve, presented on Fig. 8, appears to be of a (p, pxn) type (this 
point was checked on subsequent runs where higher bombardment energies 
were used) and seems to be a composite curve. There are two stable iridium 
isotopes: Ir'!®* and Ir. Ir! is the more abundant by a factor 2. Assuming 
that its contribution governs the yield at higher energies, the fast-rising section 
of the yield curve could be extended down to the energy axis and the extra- 
polated energy value thus obtained, when fitted with the proper error, 
would represent the experimental threshold energy of a (p, px) reaction 
whose starting point would be Ir’. By doing so, a value of 26+4 Mev is 
obtained. In Table I are listed a few such threshold energy values of (p, pxn) 
reactions calculated from mass differences plus Coulomb barriers. According 
to Table I, x = 2 in the present example. Incidentally, the smearing of the 
excitation curve on Fig. 8 down to the Coulomb barrier is readily explained 
by the fact that a (p, p) reaction is energetically possible from Ir’ itself. 

Correlating the experimental results independently obtained by proton 
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TABLE I 
THRESHOLD ENERGIES 











Calculated threshold energies 


(mass differences + Coulomb barriers), Experimental threshold 
Reactions Mev energy, Mev 
Ir'%3(p, pn) Ir! 20.1 
Ir3(p, p2n)Ir 26.2 26+4 
Ir!3(p, p3n)Ir'9° 33.8 


bombardment of osmium and iridium, it is seen that the measured half-lives 
are spread over two ranges which overlap, that the gamma spectra show the 
same lines, and that the deductions made from the study of the excitation 
curves indicate the same iridium isotope. It is thus possible to assign the 
observed short activity to Ir. Combining the corresponding values from 
osmium and iridium, the following averages are obtained: for the half-life, 
4.53+0.18 s from 55 decay curves; for the gamma ray, 126+6 kev from 42 
photographs. 

This short activity is easily checked to be an isomeric transition since Ir’ 
is a stable isotope. The above half-life value agrees quite well with those 
given by Campbell et a/. (1954) and Fischer (1955), but not so well with those 
of Mihelich et al. (1954) and Naumann and Gerhart (1954), whose values, 
however, seem to be based on a rather limited number of trials. 

Os"! is known to decay to an excited level in Ir! followed by two gamma-ray 
transitions in cascade, a 42-kev and a 129-kev (Swan and Hill 1952). The 
K-capture decay process of Pt!®! is accompanied by a complex gamma spectrum. 
From measurements of conversion electron energies, Swan, Portnoy, and 
Hill (1953) were able to show that one of the gamma-ray transitions involved, 
a 129-kev, was identical with the 129-kev transition following the beta decay 
of Os. Swan and Hill (1952), on the basis of experimental K/L ratios, found 
that the 129-kev transition in Os! was a mixed M1+ E2 transition. Tomlinson 
et al. (1954) later confirmed this assignment, using conversion ratios K: Ly: 
Ly: Ly. Our measured value of 2.0+0.3 for the K-conversion coefficient of 
the 126-kev gamma is consistent with an M1+£2 assignment. 

Since the 126-kev transition is a mixture of M1 and £2, it cannot be re- 
sponsible for the observed 4.53-second half-life. Mihelich et a/. (1954) were 
able to show, using experimental Ly,/Ly ratios for E3 transitions in isotopes 
of Z = 79 and Z = 77, that the 42-kev (the other gamma ray which had 
been reported as preceding the 129-kev gamma ray in the decay of Os!) is an 
E3 transition and likely the one responsible for the observed half-life. Naumann 
and Gerhart (1954), using Weisskopf’s formulas for the lifetime of radiative 
transitions and Rose’s tables of conversion coefficients, found that this 42-kev 
is either an E3 or M3 transition. Fischer (1955) found that the presence of a 
highly Z-converted gamma ray would explain the discrepancy between the 
observed and calculated K/L ratios for the 129-kev gamma ray. A reasonable 
choice to her was the above 42 kev gamma ray reported in the decay of Os'', 
its Ly: Ly ratio being compatible with an £3 assignment. 
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NOTE ON THE SINGLE-PARTICLE ENERGY AND THE 
BINDING ENERGY OF MANY-BODY, SATURATED SYSTEMS! 


GEORGE A. BAKER, JR. 


ABSTRACT 


Brueckner has recently pointed out that, for saturation, (Eay—E(pr)) does 
not vanish in general because of “important many-body contributions to the 
single particle energy which arise from the effects of the exclusion principle and 
from the variation of the self-consistent excitation spectrum with density.” It is 
the purpose of this note to evaluate this difference in terms of the properties 
of the single-particle potential. 


Brueckner (1958) has recently shown that the energy required to separate 
a nucleon from “infinite nuclear matter’? may be thought of as being com- 
prised of two parts. The first part is simply the standard kinetic plus potential 
energy. The second part represents the work necessary to ‘‘rearrange’’ the 
remaining nucleons into the state of lowest energy. His demonstration of this 
result is based on the reaction-matrix formalism. We show that a knowledge 
of the appropriate, single-particle potential suffices to calculate the ‘‘re- 
arrangement” energy. When expressed in terms of the single-particle energy, 
the average energy per nucleon does not depend on the average potential 
energy directly, but rather on an average of the energy at top of the Fermi 
sea as the Fermi momentum varies between zero and the value for saturation. 
Consequently properties of “‘infinite nuclear matter’? such as saturation 
density, saturation binding energy, and compressibility depend only on the 
energy of the top of the Fermi sea, as a function of Fermi momentum. 

Following Brueckner (1958), we consider the saturation condition 


(1) Pr(0/dpr) (Eq) = 0, 
where py is the Fermi momentum. We take 
(2) Ew = 3/5 (pp?/2M) + Vay 


where, as the V(p,) are assumed to be single-particle potentials arising from 
two-body forces, 


3) ‘ow = 5D, Vid. 


This expression is, strictly speaking, only applicable to “infinite nuclear 
matter’, since, in a finite nucleus, V is not diagonal in the momentum. 
Since 


(4) E (pe) = (pr?/2M)+ V(pr), 


1Manuscript received July 7, 1958. 

Contribution from the Theoretical Division, Los Alamos Scientific Laboratory, University 
of California, Los Alamos, New Mexico. This work was performed under the auspices of the 
U. S. Atomic Energy Commission. 
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we obtain at once for Brueckner’s correction term, A, 
(5) A = 3(E,,—E(pr)) = {8+ pr(0/dpr)} Vay—3V (pr). 


Brueckner has shown that for saturated systems the separation energy is 
equal to E,, and consequently must differ from the energy at the top of the 
Fermi sea by § A. One may correct this defect by adding $A to V(p,). Brueckner 
has shown that, at least for energies near the Fermi surface, the new potential 
so obtained is in fact the appropriate single-particle or optical model potential. 
Let us therefore introduce 


(6) W(pi) = V(pi) +34. 
Using W(p;) instead of V(p;) we may then define a new single-particle energy 
(7) E(bi) = (p?/2M)+W(p,), 
which has the property that, at saturation, 
(8) E (pr) = Fay. 
However, one no longer has the usual relation, 
(9) Ew = 3/5(pr?/2M)+ Way, 
but rather 
(10) Ew = 3/5(pr?/2M)+W,,—A/6, 
where 

1 
(11) Wa =~ Dd, Wi). 

2N SF 


If one is to attempt a calculation based on a particular form for the single- 
particle potential W(p,), it is necessary to be able to calculate A from W(p,), 
rather than from the unknown V(p,), in terms of which it is defined. To the 
end of expressing A in terms of W(p,;) we substitute for V(p,) in terms of 
W(p,) and A in equation (5). We then obtain the result that 


(12) {3+§Pr(0/dpr)}A(pr) = A*(pp), 
where 
(13) A* (py) = [3+pr(0/dpy)} Way—3W (pr). 


Equation (12) is a simple, linear, non-homogenous, first-order, differential 
equation for A. The general solution is 


© PF 
(14) A = Chy ‘+6pr | p’ dpA*(p). 


We may evaluate the constant of integration C, by noting that in the low- 
density limit (pe — 0) the correction term, A, must vanish as for short-range 
forces the potential is expected to vanish. We must therefore have, 


(15) C=, and at) = 0. 
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We may simplify equation (14) by noting the identity, 


DF 
-3 2 oO a 
(16) pr f p ao(3+p 3) Way = Way. 


Thus we may replace equations (2) and (4) by 


E(pr) = (pr’/2M)+W(pr) = Ew, 


(17) p 2 : PF 
Ew = 3/5 547 + 3pe ; (pe’) ‘dp’ W(pr’), 
or 
: wD 
(17a) E,, = a" i. (py’)’ dpr'& (pr’). 


W (pr) is directly related to the average potential energy by means of 
(18) W(pr) = 1/3(8+ pr 0/dpr) Vay(Pr)- 

This relation follows from (2) and (17). 

Physically we expect that W(py) should vanish in the low-density limit 
(short-range forces), decrease monotonically to a minimum value, and then 
increase rapidly as the “jamming density” for the hard cores is approached. 
We may rewrite (17) as 
C(pr) = (pr?/2M)+W(per) = Ew, 

Ey = 3/5(py?/2M)+&(pr) W(pr). 


If we are to have a negative E,, and a positive kinetic energy, then we must 


(19) 


have 
(20) S/o me <8. 


In the low-density limit, both V,, and W(py) should be proportional to the 
density, i.e., pe’, because of the short-range nature of the forces. Thus we 
expect 
(21) (0) = 1/2. 


/ 


As the density increases we expect W(py) to decrease more slowly than py’, 
and, if it were not for the effects of the hard cores, to level off eventually 
because of the effects of the exclusion principle. In this region, — should increase 
toward unity. As the effects of the hard cores become increasingly important, 
W (pr) begins to increase, and & should begin to rise past unity. Thus we see 
that, in a nuclear system, & should sweep through the whole range of con- 
ditions (20) as the Fermi momentum varies, and saturation can occur between 
the point at which significant deviations from the pr* dependence of W occur 
and the point at which the “jamming of the hard cores’’ becomes dominant. 
If W(py) has the physically expected behavior outlined above, then we see 
that the saturation properties of ‘infinite nuclear matter’’ depend, essentially, 
only on the strength of W and the way in which the exclusion principle and 


the hard cores flatten out W(pr). 
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In order to reproduce Brueckner and Gammel’s (1958) result for nuclear 
matter without the Coulomb repulsion that 


pe’ /2M = 42.5 Mev, 


(22) ; ink 
Ew = —15.5 Mev, 
we must have 
(23) Esaturation = 0.707, 
W saturation = —58 Mev. 


This corresponds to an average potential energy of 

(24) Vay = —41 Mev, 

and a variation of V,, with pry of 

(25) 6 = (0 In V,y)/(0 In py) = 1.24. 

We see from (25) that the value of @ at saturation is substantially less than its 
low-density limit of 3. This means that saturation occurs at about the point 


where the effects of the exclusion principle and the hard cores become com- 
parable with the effects of the attractive part of the potential. 


The author wishes to acknowledge several helpful discussions with Professors 
A. E. S. Green and K. A. Brueckner. 
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SOME OBSERVATIONS ON THE DEPENDENCE OF STRAIN 
ON STRESS FOR ICE! 


L. W. GoLp 


ABSTRACT 


Observations were made on the longitudinal and transverse strain of rect- 
angular ice samples stressed at the rate of 2 kg/cm*/sec to a maximum stress of 
10 kg/cm?. The duration of the stress was kept less than 10 seconds. Under these 
conditions the ice behaved elastically. The observations indicated that two 
deformation processes contributed to the measured strain. It is concluded that 
the two sources of strain are deformation of the grains and slip at the grain 
boundaries. 


INTRODUCTION 


Ice is a crystalline solid which, under natural conditions, exists in an en- 
vironment at a temperature near that at which it melts. With respect to 
mechanical stress, it exhibits in its normal behavior characteristics peculiar 
to this thermal state which are not completely understood at present. It is 
not surprising, therefore, to encounter in the literature a wide spread in the 
values of the elastic moduli of ice. 

Papers on the elasticity of ice have been discussed at some length by the 
Snow, Ice and Permafrost Research Establishment (U.S. Army Corps of 
Engineers 1951), Dorsey (1940), Hess (1940), and Weinberg (1936). Values 
for Young’s modulus measured by bending, extension, and compression 
methods range from 0.3X10!° to 11.010! dynes/cm?. Dorsey (1940) in his 
review states that it is questionable whether useful values can be obtained 
by the usual static methods. The temperature range in which most of the 
reported static values were measured (0°C to —10°C) is too small to 
indicate any significant dependence on temperature. 

The elastic moduli have been found to be more consistent when measured 
by sonic and ultrasonic methods. When Boyle and Sproule (1931) measured 
the velocity of longitudinal waves in ice they found that this velocity was 
temperature dependent. Ewing, Crary, and Thorne (1934) measured the 
longitudinal and the extensional wave velocity; their value for the longitudinal 
wave velocity agrees well with the results of Boyle and Sproule. Northwood 
(1947) measured the longitudinal, extensional, and Rayleigh wave velocity. 
His longitudinal and extensional wave velocities were higher than those 
reported previously. He also found a dependence on temperature which was 
less than that reported by Boyle and Sproule. Sonic observations on multi- 
grained ice have not shown any conclusive evidence that the wave velocity 
depends on the direction of propagation through the ice. 


1Manuscript received April 28, 1958. 
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The single crystal of ice exhibits hexagonal symmetry and five constants 
are required to describe its elastic behavior under stress. Jona and Scherrer 
(1951) measured these five constants ultrasonically. Green and MacKinnon 
(1956) carried out observations on two of the constants and their results 
are in reasonable agreement with those of Jona and Scherrer. 

Voigt (1928), assuming random orientation of the optic axis of the con- 
stituent crystals, developed equations giving the isotropic values for Young’s 
modulus, Poisson’s ratio, the rigidity modulus, and the bulk modulus from the 
stiffness moduli for the single crystal. Reuss (1929) developed similar equations 
using the compliance moduli. Hill (1952) showed that measured values should 
lie between the values calculated from the Voigt and Reuss equations. Table 
I gives reported sonic values for the Young’s modulus, rigidity modulus, bulk 
modulus, and Poisson’s ratio for ice at a temperature of —5° C. The value 
attributed to Boyle and Sproule was obtained by fitting a straight line by least 
squares to their results for propagation perpendicular to the direction of 
growth of the ice. Also given in Table I are the values calculated from the 
results of Jona and Scherrer using the Voigt and Reuss relationships. These 
were corrected to —5°C using the temperature dependence as found by 
Northwood and assuming Poisson’s ratio independent of temperature. The 
value for the bulk modulus found by Richards and Speyers (1914) using a 
piezometer is also given. Table I shows that though there is still some dis- 
crepancy, the results of measurements of the elastic moduli of ice by sonic 
methods are in reasonable agreement. 


DEPENDENCE OF STRAIN ON STRESS 

Studies on metals carried out at elevated temperatures have shown that 
the magnitude of the strain in phase with an applied stress depends on the 
rate at which the stress is applied and the absolute temperature of the specimen 
(Zener 1948). Ké (1948) discusses the energy loss associated with this 
phenomenon and the resulting dependence of the rigidity modulus on tempera- 
ture and frequency of applied stress and attributes the observed results for 
metals, in part, to grain boundary slip. It is found that the energy loss has a 
maximum value which depends on the frequency of the applied stress for a 
given temperature, and upon the temperature for a given frequency of stressing. 
As the frequency of stressing is lowered, the peak in the energy loss versus 
temperature curve is displaced toward lower temperatures. It is also found 
that the rigidity modulus decreases from an upper value, called the unrelaxed 
modulus, to a lower value called the relaxed modulus; the maximum rate of 
change occurs when the energy loss is at a maximum. Crawford (1957) has 
observed the same phenomena in an organic glass. He found also that, corre- 
sponding to the rapid decrease in the rigidity modulus with increasing tempera- 
ture, there was a rapid increase in Poisson’s ratio. The increase in Poisson’s 
ratio shifted to lower temperatures as the frequency of stressing was lowered. 

Observations such as those by Ké and Crawford show that measured values 
for the elastic properties will depend on the duration of the stress at a given 
temperature. If the duration of the stress is long enough, the relaxed value for 
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the elastic moduli will be observed. If the duration is short enough, these 
observations will not be distorted by creep and the resulting permanent 
deformation. Ice creeps readily under stress. This fact likely explains the large 
differences in the elastic moduli of ice measured by static methods since in 
many of the experiments the duration of the stress was long enough to allow 
creep to occur. The observations reported in this paper on the dependence of 
strain on stress for ice in the temperature range —3° C to —40° C were made 
under conditions of low stress and low rate of stressing. The duration of the 
stress was short enough that any permanent deformation which resulted was 
much smaller than the measured strain. 


SYMMETRY CONSIDERATIONS FOR MULTIGRAIN ICE 


Under normal conditions of growth with a plane ice—water interface, multi- 
grain ice is composed of long, candlelike, single crystals. A single grain may 
extend from the upper surface of the ice to the ice—water interface, the long 
axis of the grain coinciding with the direction of freezing. The direction of the 
optic axis in each grain is determined by the nucleating conditions, but it is 
usually assumed, with some justification, that the optic axis will have a pre- 
ferred orientation in the direction of freezing. Wilson, Zumberge, and Marshall 
(1954) have carried out observations on natural lake ice and their report 
contains a discussion on the preferred orientation of the optic axis of the 
grains as well as a number of photographs showing the typical candlelike 
texture. 

Because of the candlelike structure of multigrain ice, it should exhibit a 
symmetry described by Love (1952) as transverse isotropic. A material with 
this symmetry requires five constants to describe its elastic behavior under 
stress. If we let z be the direction of freezing of a very large multigrain ice 
sheet so that the freezing plane is parallel to the x and y axes and the long axis 
of the grains lies in the z direction, the relationships between stress and strain 


can be expressed by: 


(1) rr = (Tz2/Ez) —02(Ty/E,) —0(T:2/E.), 
(2) ew = (Ty/E,)—o(T2:/Ez) —0(T;2/E;), 
(3) €z2 = {(T22/E2)—(¢2/Ex)}(Trzt+Ty), 

(4) €ry = Txy/Gry, 

(5) Gen ™ Teal Gow 

(6) Cee = T,2/Giz, 

where é;;, ¢y,.. . are the strains and 7;,, T,, ... are the stresses. 


E, = E, is the Young’s modulus for compression in a direction parallel 
to the ice surface; 

E, is the Young’s modulus for compression in a direction per- 
pendicular to the ice surface; 
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ies is the elastic shear modulus for stresses acting in a direction 
parallel to the ice surface in planes perpendicular to that 
surface; 


G.z = G,, is the elastic shear modulus for stresses acting in a direction 
parallel to the ice surface in planes parallel to that surface; 


Co; is Poisson’s ratio relating strains in the x and z directions and 
in the y and gz directions; 
Or is the Poisson’s ratio relating strains in the x and y directions. 
(7) fz = 2G,,(1+0;). 


In the experiments to be reported, ice samples were loaded in compression in 
the x direction (perpendicular to the long axis of the grains for multigrain ice) 
so that 

Tw Te Ty Ty = Tyes 


EXPERIMENTAL PROCEDURE 

The observations were carried out on rectangular ice specimens 5 cm X10 
cm and 20 cm long prepared at —10° C with a standard metal cutting lathe 
and a wood planer. A small, manually driven testing machine with a capacity 
of 2000 kg (Hounsfield tensometer) was used for applying the loads. The test 
pieces were mounted between 5 cm X10 cm rectangular steel plates 1.25 cm 
thick backed up by steel cones 5 cm in diameter and about 1 cm thick. The 
load was applied through balls which seated in the cones. 

An extensometer with a 2-in. gauge length and a strain magnification of 
3300 was used for measuring strains. The extensometer was frozen to the test 
piece during each load cycle. Load and strain were recorded on a Baldwin 
X-Y recorder, Model MD-2. The stress on the test piece was kept below 
10 kg/cm? (140 p.s.i.) at all times. 

The test pieces were prepared from multigrain ice and from large single 
crystals. Large single crystals of ice were prepared by seeding de-aerated 
tapwater and extracting heat vertically as shown in the sketch of the ap- 
paratus in Fig. 1. The water level was always maintained at the same height as 
the freezing interface by allowing water to drip from tap A. The cross section 
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Fic. 1. Cabinet for preparing single crystals of ice. 
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of the crystal could be enlarged or decreased by adjusting this rate of flow. 
The single-crystal specimens were cut so that the stress was applied perpen- 
dicular to the direction of the optic axis, which coincided, in this case, with 
the direction of growth. The direction of the optic axis was determined optically 
with a Leitz polarizing microscope. 

For the multigrain test pieces the average grain diameter was varied. 
Since it was found that the measured strains behaved erratically from one load 
cycle to the next when the average grain diameter was approximately equal to 
the width of the test piece, the largest grain diameter was kept less than the 
width by a factor of 4. Very fine-grained ice (average grain diameter ap- 
proximately 2 mm) was prepared by seeding the water with snow. The test 
pieces were always cut so that the grain boundaries were perpendicular to the 
10-20-cm face. The observations were carried out in a cold room, the 
temperature of which could be varied over the range 0° C to — 40° C and held 
at any temperature in this range to +0.5° C. Because of the method of con- 
trolling the temperature, the humidity in the room is low and any exposed 
ice surface will evaporate. Between experiments, therefore, the test pieces 
were stored in kerosene as this did not appear to affect their elastic behavior 
even after continual immersion for 6 months. The temperature of the test 
pieces was taken as that of the kerosene in which they were stored, measured 
with a standard laboratory grade thermometer accurate to +0.25° C. This 
temperature was very close to the average temperature of the room in which 
the tests were carried out. Temperatures at which the observations were made 
were chosen randomly with time. The test pieces were allowed to stand 24 
hours at a new temperature before measurements were made. 

It was observed that usually the strain varied across the sample as shown 
in Fig. 2 although this was not always true. Since it was necessary, therefore, 
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Fic. 2. Location of strain measurement positions on test piece and example of variation 
of measured longitudinal strain with position. 
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to measure the strain pattern set up during stressing, the following procedure 
was adopted. The test piece was mounted in the tensometer and centered as 
closely as possible by eye. A slight load was placed on the test piece and this 
load was always maintained between load cycles so that the position of the 
test piece in the testing machine was not changed. The strains were then meas- 
ured at the positions shown in Fig. 2, as it was possible to rotate the test 
piece in the testing machine without disturbing its orientation with the 
applied stress. A complete load cycle was required to obtain the strain in 
each position. The strains e,; and e,; were measured twice; thus, the test 
piece was subject to 16 load cycles during each experiment. The order of 
measuring the strains was random with regard to location. 

It was assumed that the elastic moduli for each test piece were constant at a 
given temperature and on this basis the average strain @,, corresponding to the 
average stress 7, given by the applied load divided by the cross-sectional 
area of the sample was 


(8) err = 


8 
=. Cris 
i=1 


Bg ™ Deel bes. 


QO | 


The transverse strain was measured over the central part only as shown 
in Fig. 2. An average transverse and corresponding longitudinal strain were 
calculated using the following equations: 


&, = { (rots t+ ere + ers) /8} +{ (ers +er7)/4}, 
E, = {(entesteytee)/8} +{ (eyet+e,s)/4}, 
in which eé73, €;7, €y2, and e,5 are given a weight of 2 
(9) z= €,fé;: 


The method of averaging the strains corrected for any bending moment 
introduced into the test piece by not having the specimen correctly centered 
between the loading heads. 

Observations on the elastic moduli of fine-grained ice were also made by 
measuring the velocity of propagation of an ultrasonic pulse. Barium titanate 
crystals, cut to excite the transverse vibration, were used to induce the 
vibrations in the ice and to detect the transmitted wave. The velocity of 
extensional and transverse waves propagated perpendicular to the grain 
boundaries were made using apparatus essentially the same as described by 
Leslie (1950). The samples used for the ultrasonic observations were protected 
from evaporation inside a special lucite box. The temperature in this enclosure 
was measured with a copper—-constantan thermocouple. 


EXPERIMENTAL RESULTS 


Testing Machine 
Preliminary observations showed that if the applied stress was kept low 
and if the length of time taken to complete a load cycle was of the order of 10 
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seconds, the relationship between the stress and the resulting strain was linear 
and_there was little or no permanent deformation. 

A dependence of Z, on temperature was found for multigrain ice whereas 
E, for single crystals was found to be independent of temperature within the 
accuracy of the observations. This is shown in Fig. 3. It can also be seen in Fig. 
3 that EZ, for multigrain ice depends on the average grain diameter; the smaller 
the average grain diameter, the smaller is E, for any fixed temperature. 
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Fic. 3. Dependence of static values of Young's modulus on temperature. 


In Fig. 3, the number at the upper right of each symbol specifies the test 
piece used. Some test pieces were used for more than one set of observations. 

The equation for the straight line fitted by least squares to the multigrain 
ice data in Fig. 3 is 


E, = (5.69—6.48 X 10-?T) X 10!° dynes/cm?, 


where 7 is the temperature in °C. The coefficient of correlation between E, 
and 7 was found to be 0.82. 

The calculated values of é@,; for multigrain ice were adjusted for an average 
stress of 5 kg/cm? acting over the central area on which the observations for 
the transverse strain were made. The calculated values for @, were also adjusted 
to correspond with this average stress. In Fig. 4 are plotted the adjusted 
values of @, and @,. The equation of the least squares fit line is 


é, = —28.8X10-*+0.882é,. 


The coefficient of correlation is 0.92. It can be seen from Fig. 4 that there is no 
obvious dependence on grain size. 
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Fic. 4. Longitudinal strain and transverse strain for 
stress = 4.9X 10° dynes/cm?, 
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The results of the measurements on single crystals were unusual in that 
é, for an average stress of 5 kg/cm? was found to be equal to (58.5+1.5) XK 10-* 
for all tests whereas @, varied from 19.5X10-* to 33.5x10-*. It was found 
that é,,—&), a measure of the variation in strain across the sample, correlated 
with é,. In Fig. 4, the value of @, for é,,—&, = 0 is plotted. For é,>25.010~, 
é,,—&@, was negative. The value of @,,—@é, for multigrain ice did not correlate 
well with é;. 


Sonic Observations 
In Fig. 5 the velocity of the extensional wave and the distortional wave 
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Fic. 5. Velocity of the extensional and distortional wave plotted against temperature. 
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measured ultrasonically in a multigrain specimen are plotted against tem- 
perature. A third wave, assumed to be the Rayleigh wave, was also observed. 
Because of the uncertainty in the path length associated with this wave, 
its velocity was not used in the calculations of the elastic moduli. The 
estimated velocity of the assumed Rayleigh wave was almost equal to the 
velocity of the shear wave. 

The greatest source of error in calculating the velocities of the various 
waves through the ice was in estimating the time of arrival of the transmitted 
pulse and in measuring the length of the specimen. The circuit used for 
measuring time was calibrated against an accurate crystal-controlled oscillator. 
The extensional velocity is considered accurate to +1% but the error in the 
velocity of the distortional wave may be greater than this. Least square fit 

o the results yield for the velocity of the extensional wave, 


v% = (3.86—2.32X 10-7) X10° cm/sec 
and for the velocity of the distortional wave 
v, = (2.03—1.08 X10-*T) KX 10° cm/sec. 


T is again the temperature in °C. Values for G, EZ, and o were calculated for a 
temperature of —5° C and are given in Table I. 


TABLE I 


SONIC VALUES FOR YOUNG'S MODULUS, E; RIGIDITY MODULUS, G; POISSON’S RATIO, o; AND 
BULK MODULUS, K, FOR MULTIGRAIN ICE AT A TEMPERATURE OF —5° C 


E G K 
dynes/cm? p.s.i. dynes/cm? p.s.i. dynes/cm? p.s.i. 
Source X10 x10 X10 X108 o x10" X108 





Boyle and Sproule (1931) 8.95 1.30 
Ewing, Crary, and 


Thorne (1934) 9.17 1.33 3.36* 0.49 0.365 11.3* 1.64 
Northwood (1947) 9.80 1.42 3.68* 0.53 0.33 9.61* 1.39 
Jona and Scherrer (1951) 

Using Voigt relationships 9.38 1.36 3.52* 0.51 0.33 8.81* 1.28 

Using Reuss relationships 9.18 1.33 3.45* 0.50 0.33 8.92* 1.29 
Gold (1957) 9.94 1.44 3.80 0.55 0.31* 8.72* 1.26 
Richards and Speyers (1914) 

(static method, temp. —7° C) 8.34 1.21 





*Calculate from relationships between E, G, ¢, and K for isotropic materials. 


The values given for E and a in Table I were used to calculate longitudinal 
and transverse strains for a stress of 5 kg/cm*. These strains are plotted in 
Fig. 4. 


DISCUSSION 


The results shown in Fig. 3 indicate that there is a contribution to the 
longitudinal strain in multigrain ice which does not occur in the single crystal 
specimens and, therefore, this contribution is probably associated with the 
grain boundaries. The observed qualitative dependence of Young’s modulus 
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on grain size is in agreement with the observation of Ké (1948) on multigrain 
metals. Figure 4 gives further confirmation that grain boundary slip is re- 
sponsible for the dependence of the elastic moduli of multigrain ice on tem- 
perature. It shows that two deformation processes appear to contribute to the 
longitudinal and transverse strains. One process contributes an amount about 
the same as would be calculated using the elastic moduli measured sonically. 
The second process, which does not appear to operate in single crystals, in- 
volves a linear relationship between stress and strain as does the first, but it is 
much more temperature-dependent. If this contribution involves a relative 
movement between grains with no change in volume, then, because of the 
symmetry, the increase in the transverse strain would equal the increase 
in the longitudinal strain. In the present study, the increase in the transverse 
strain was found to be 0.88 times the increase in the longitudinal. 

It can also be seen from Figs. 3 and 4 that because the two deformation 
processes involve different relationships between the longitudinal and trans- 
verse strains, the observed value of Poisson’s ratio increases with increasing 
temperature. Since two processes appear to contribute to the strain, caution 
should be exercised in applying the usual relationships of classical elasticity, 
particularly the one given by equation (7), 


E, = 2Gy(1+e:). 


It is not possible at this time to draw conclusions on the relaxation time 
associated with the assumed grain boundary slip for ice. It was found during 
the experiments, however, that doubling and halving the rate of stressing did 
not change the observed value for Young’s modulus. Therefore, the time 
associated with the stress cycle must have been reasonably larger than the 
relaxation time associated with the grain boundary slip. It is concluded, 
therefore, that Fig. 3 gives the relaxed value for the Young’s modulus of 
multigrain ice as a function of temperature. This implies that not only does the 
grain boundary behave in a viscous manner but also that the allowable 
amount of slip which can occur before the grains become locked in new positions 
is a function of both the temperature and the stress. 


CONCLUSIONS 


The following conclusions have been drawn from the observations: 

(1) For ice with a temperature in the range —3°C to —40°C, strain is 
linearly related to the applied stress if the duration of the stress is short enough 
and the maximum stress is kept to a low value. A maximum stress of 10 kg/cm? 
and a rate of stressing of 2 kg/cm?/sec with the duration of the stress less than 
10 seconds were found sufficient to satisfy the conditions. 

(2) For multigrain ice two deformation processes, each involving a linear 
dependence of strain on stress, contribute to the measured strain at low rates 
of stressing. One process is probably dependent on temperature only to the 
degree exhibited by moduli measured sonically, whereas the second is markedly 
temperature-dependent. 

(3) Since at the low rate of stressing the Young’s modulus of multigrain 
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ice was temperature-dependent whereas for the single crystals it was tem- 
perature-independent, grain boundary slip is associated with the markedly 
temperature-dependent deformation. 

(4) Since the observed values for Young’s modulus did not change when 
the rate of stressing was double or half the rate normally used, these values 
correspond to conditions of maximum allowable relaxation of shear stresses 
at the grain boundaries. 

(5) The amount of slippage that can occur at the grain boundaries depends 
on the temperature and the magnitude of the applied stress. 
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ACTIVATION CROSS SECTIONS FOR 
C”(p, pn)C", O(p, a)N*, and F°(p, pn)F® , 


A. B. WHITEHEAD? AND J. S. FOSTER 


ABSTRACT 


The activation cross sections for proton-induced nuclear reactions were studied 
in the region from threshold over a range of about 10 Mev proton energy. The 
scattering and 180°-focussing technique for proton irradiation was employed to 
realize improved energy resolution. 

The reaction O'%( p, a)N’ exhibited three large peaks at proton energies of 8.6 
Mev, 11.3 Mev, and 14.6 Mev in the laboratory system. The maximum cross 
sections were 46 mb, 55 mb, and 45 mb respectively. 

Though not so pronounced as in the oxygen case, minor peaks in the cross 
section for C#%(p, pn)C"+C(p, d)C" modulated the previously smooth curve. 
These occurred at energies of 19.8 Mev, 20.9 Mev, and 22.2 Mev. The known 
excitation function for this reaction was extended from 32 Mev to 42 Mev and 
proved to be flat, thereby clarifying the normalization between the higher- and 
lower-energy regions. 

The irradiation of F!® with protons to produce F'8 yielded a cross section 
which was a smooth function of energy, and thus differed in shape from the corre- 
sponding carbon curve. 


I. INTRODUCTION 


Comparatively little detailed information on proton-induced reaction cross 
section is available for proton energies above 5 Mev. Moreover, most of the 
work done at the higher energies has been with rather limited proton energy 
resolution so that interesting features may have been lost. During the present 
experiments, a few reactions were studied with a resolution 0.2 Mev to 0.5 Mev, 
in the energy regions to 30 Mev. 

Although the familiar monitor reaction, C"’(p, pn)C", has been studied 
extensively, it was felt that a re-examination of the low-energy end of the 
cross-section curve using improved energy resolution was necessary before 
it could properly be used as a monitor for the other reactions. Previous work 
in this region was done by Panofsky and Phillips (1948) and by Aamodt, 
Peterson, and Phillips (1952). The former paper included an excitation curve 
from 18 Mev to 27 Mev, obtained by the irradiation of stacked polythene foils. 
The resolution in energy was about 0.5 Mev. The work reported in the latter 
paper included an extension of the excitation curve to 32 Mev where an 
absolute measurement of the cross section was made. A value of 89+4 mb was 
reported. 

Aamodt et al. (1952) also reported cross-section measurements above 93 
Mev. By including a suitably normalized excitation curve reported by Hintz 
and Ramsey (1952), they constructed a composite cross-section curve to 
340 Mev. Crandall et a/. (1956) used improved experimental techniques from 
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170 to 360 Mev and lowered the cross section by 13%; but it was not certain 
whether this correction should be extended to regions of low energy. The 
present experiments show that the cross section remains essentially constant 
between 32 Mev and 42 Mev. This implies that Crandall’s correction should 
be extended down to 32 Mev only. In addition, the cross section showed 
variations below 25 Mev not previously revealed. 

Though no reference has been found in the literature to the reaction 
O'6(p, a)N", earlier work by one of us (Whitehead 1955) established that a 
10-minute period attributed to the decay of N™ was present in oxygen targets 
and oxygen-contaminated targets irradiated with protons between 5 Mev and 
20 Mev. Under the present resolution, the cross section for this reaction over 
the region 5 Mev to 15 Mev showed very prominent maxima. 

The cross section for the formation of F'8 from F'® was obtained with 
targets of thin teflon foil which, incidentally, contain the carbon monitor. The 
results showed a remarkably smooth curve over the range 9 Mev to 26 Mev and 
thus was in marked contrast with the carbon reaction near its threshold. 


Il. EXPERIMENTAL 


The internal beam of the McGill synchrocyclotron was used to irradiate the 
targets with protons. To obtain better proton energy resolution, 180°- 
scattering techniques were employed in the manner outlined by Hintz and 
Ramsey (1952). A scattering foil of uranium (86 mg/cm?) in the median plane 
of the cyclotron was so mounted that it could be placed at any radius. The 
proton beam expanded to this point then suffered multiple coulomb scattering 
on traversing the foil. Target foils under study were stacked on a holder located 
opposite the scattering foil and slightly below the median plane. The magnitude 
of the proton beam reaching the targets was approximately 10-° amp/cm?. 
The contribution due to the direct beam was found to be negligible. 

A precise energy calibration for this arrangement depended on a thorough 
knowledge of the magnetic field as a function of radius. In the course of this 
work, a field measurement was made at one energy (8.7 Mev). The calibration 
was done by placing the scatterer and target holder in position for an irradiation 
at 8.7 Mev. The magnetic field was turned on while the rest of the cyclotron 
remained off. The probe geometry was first checked by inserting both probes 
far enough to touch, then withdrawing them by measured amounts. Alpha 
particles were emitted from thorium B deposited on the leading edge of the 
scatterer and were detected on an a-sensitive nuclear plate located on the 
target holder. The strength of the source was about 10° disintegrations per 
minute and the exposure time was 20 minutes. Distinct tracks (2X 10° tracks/ 
cm?) were observed on the nuclear plate up to a certain maximum distance 
from the thorium source corresponding to the diameter of the 8.7-Mev 
a-particle orbits. The magnetic field was calculated from the known Bp-Mev 
value for the a-particles, (4.26934+0.0009) X 10° gauss-cm as given by Briggs 
(1954). It was found to be 1% higher than the value obtained by Kirkaldy 
(1954), who had mapped the field completely. This correction was applied 
to Kirkaldy’s field vs. radius curve. 








1278 CANADIAN JOURNAL OF PHYSICS. VOL. 36, 1958 


Targets were formed of thin plastic materials mounted in a stack. Each 
foil received the same proton flux, but the proton energy was degraded in 
small steps as the beam penetrated successive foils in the stack. The individual 
foil thickness and number of foils in any one stack were limited to keep the 
energy spread in any one foil as low as practical. When different materials 
were used in one stack, guard foils were included to compensate for recoil 
losses (rarely more than 1 per cent). 

After irradiation, the foils were cut from the stack and mounted individually 
between 1/4 in. aluminum disks; then the annihilation radiation was counted 
with a Nal scintillation crystal. All the active isotopes decayed by pure 
positron emission. A discriminator in the counting circuit eliminated pulses 
from radiation below 40 kev. 

The cross section of each foil relative to the others in the stack was de- 
termined from its initial activity and mass. Monitors were used in some of the 
experiments to normalize the cross section. 

The average energy of the proton beam passing through any one target was 
calculated from the proton range energy relationship. Curves of range vs. 
energy were computed for each target material from the curves for hydrogen, 
carbon, oxygen, and aluminum (Aron, Hoffman, and Williams 1949). 

The accuracy in determining the initial decay rates of the targets was 
estimated to be 2%, as was the accuracy in determining their weights. There- 
fore, the relative accuracy of the points from one stack was 3%. When a 
monitor foil was used in the stack the accuracy was 5%, not including the 
accuracy with which the monitor itself is known. 

The accuracy in determining the initial energy of the protons striking a 
stack was 3%. Since details over narrow regions of several cross section curves 
were studied with a series of targets in a stack, the relative energies were 
much more accurate. In this case the 3% accuracy applies to the energy 
spacing between successive points. 

The proton energy resolution depended upon five factors. These were: 
(a) radial penetration into the scatterer, (6) root mean square scattering 
angle, (c) target width, (d) target thickness, (e) straggles due to depth in 
stack. Since the synchrocyclotron beam is concentrated in the leading 0.030 
inches of the target and the root mean square scattering angle was calculated 
to be 3.5°, the uncertainty in position of monoenergetic protons corresponded 
to 0.1 Mev. Target width accounted for a spread of between 0.14 Mev and 
0.28 Mev, whereas target thickness accounted for 0.1 Mev and 0.35 Mev 
for the two thicknesses of polythene used and 0.15 Mev for the gelva. The 
extent of straggle due to depth in the stack varied between the different 
experiments. In the case where the energy was degraded by no more than one 
or two Mev, this energy width rarely exceeded 0.2 Mev, whereas in the 
deeper stacks where the energy dropped from 15 Mev to 7 Mev the width 
was as much as 0.4 Mev. 

The total energy spread was then computed as the root mean square value 
of the partial spreads. The result was T'1;2E = 0.55 Mev in the poorest case 
and 0.28 Mev in the best case. 
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III. RESULTS 
C(p, pn)C™ Cross Section 


The first experiments were performed on the reactions (p, pn)+(p, d) in 
C”. General reference to the C"(p, pn)C"™ reaction shall be understood to 
include the (p,d) reaction. The excitation function was mapped from 27 
Mev to 42 Mev and this helped to clarify the normalization (Fig. 1(@)). 
Following this, a search was made over the lower-energy regions of the curve 
for detail which was suspected from preliminary experiments. 


Excitation Function from 27 Mev to 42 Mev 

Three stacks of polythene were irradiated over this energy range. Each 
stack covered a range of almost 6 Mev and this range overlapped that of 
adjacent stacks by 1 to 2 Mev. Each stack was composed of alternate poly- 
thene (10 mg/cm?) foils and double thicknesses of aluminum foil (82 mg/cm?). 
The energy loss in 1 mg/cm? of polythene was equivalent to the loss in 1.43 
mg/cm? of aluminum. 

Experimental results from each stack are plotted as separate points in Fig. 1, 
(c), (d), (e). The lowest energy stack (Fig. 1(c)) was normalized to fit the shape 
of the Aamodt et al. (1952) results (the continuous line on the graph). The 
dotted portion is inferred from the rest of the experimental points and is 
carried forward to Fig. 2(d). Again in Fig. 1(e) the dotted portion shows the 
best fit between the (d) and (e) stacks. Relative and absolute errors in cross 
section are indicated graphically. 

The composite curve, Fig. 1(a), includes all of the points from curves (c), 
(d), and (e) fitted to the Aamodt results near 32 Mev. 

Also shown on Fig. 1(a) are the experimental points obtained by Hintz and 
Ramsey (1952), lowered by 13% as suggested by Crandall e¢ al. (1955). Since 
in Hintz and Ramsey’s experiment 100 Mev protons were degraded in a very 
thick stack, one cannot expect—owing to energy straggle—that the points 
will fall along the steeply rising portion of the Aamodt curve. These points do, 
however, reach the same plateau (87 mb) as does the lower energy curve. 
For this reason, it is concluded that in the composi:« cross-section curve the 
13% correction found by Crandall et al. (1955) should be applied above 32 
Mev but not below. 


New Detail in the Low Energy Region 

These experiments were performed by irradiating stacks of very thin poly- 
thene. The degradation in proton energy through one complete stack was 
rarely as much as 2 Mey, so that the straggle in energy even at the bottom of 
the stack was relatively small. Each target was cut only 0.1 in. wide to reduce 
the energy spread of the incident protons. 

Some difficulty was experienced in obtaining accurate weights of these 
targets. In some of the earlier trials a rather serious drifting in the balance 
arose from electrostatic charges on the foils. This trouble was removed by 
placing a suitable radioactive source inside the balance. 

The cross section for each particular stack was normalized to fit the trend of 
the Aamodt et al. (1952) results. The experimental points reported by Aamodt 
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Fic. 1. Activation cross section for C!%(p, pn)C". In 1(a) the data by Hintz and Ramsey 
(1952) has been lowered by 13%. This brings agreement only at the higher energies represented 
and is not applicable to their low energy values. The present data at high energies are derived 
from the three curves, 1(c), (d), (e), which give experimental results from three stacked foils 
as normalized to agreement in the regions of overlap. Fic. 1(b) represents the composite 
activation cross section for C!%(p, pn)C" at the lower energies. Normalization of the stacked 
foil experiment was chosen to agree with the general shape of the curve by Aamodt. The 
present composite curve is based on the remaining Fig. 1, (f) to (Rk), which gives results from 
separate stacked foil experiments and reveals improved resolution in the C"(p, pn)C" acti- 
vation cross section. 
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are shown in Fig. 1(b) while the continuous curve on this diagram is the shape 
inferred from the following evidence. 

The results from individual stacks exposed over the low-energy region 
are shown in Fig. 1, (f) to (Rk). Three features were quite distinct: a knee at 
19.8 Mev, a bump at 20.9 Mev, and a second bump at 22.2 Mev. Above this 
energy no features were distinct. The rise in cross section from 25.0 Mev to 
25.4 Mev and subsequent plateau were also observed by Aamodt et al. (1952). 


O'*(p, a)N Cross Section 

This cross-section curve was studied over the energy range where the decay 
of targets contained only the 10 minute N" half-life, i.e. up to about 15 Mev. 
The threshold of the (p, pm) reaction producing 2-minute O" is at 16.5 Mev, 
while the corresponding (p, d) threshold is at 14.5 Mev. Owing to interference 
with the cyclotron oscillator circuit, it was found that the cyclotron could not 
be operated with the scatterer and target holder at a radius smaller than 
13 in. The entire excitation curve was therefore obtained by irradiating 
stacks with 15.5 Mev protons and degrading the energy to the desired range 
with aluminum foils. Gelva (CysH,O2) was used as target material. In each 
case one gelva foil was placed above the aluminum foils as a check on the 
normalization of the different stacks. 


Excitation Curve 

our stacks were used to map the excitation curve for the reaction 
O'8(p, a)N®. Although the normalization was chosen to give the best matching 
between successive sets of data in the region of overlap, the values computed 
for the top foil of each stack (at 15.5 Mev) agreed to within 2%. The energy 
loss in 1 mg/cm? of gelva was equivalent to 1.29 mg/cm? of aluminum. 

The composite curve for the excitation function is shown in Fig. 2(a), while 
the results of the individual stacks are shown in Fig. 2, (0) to (e). Three 
prominent peaks appeared which were remarkably similar in height and 
width. They occurred at energies of 8.6 Mev, 11.3 Mev, and 14.6 Mev in the 
laboratory system. There was also evidence that smaller peaks might be 
present at 12.2 Mev and 12.85 Mev, though they were not sharply defined. The 
small background due to the reaction C'(p,2)N™ has already been sub- 
tracted from these curves. Determination of this background is discussed 
below. 


Normalization of Cross Section 

A complex stack of materials was used to normalize the cross section curve 
with respect to the known carbon cross section. The top six foils were poly- 
thene and were irradiated above the threshold for the reaction C”(p, pn)C". 
Aluminum then degraded the energy to 16 Mev where six gelva foils were 
irradiated. A thick (0.01 in.) piece of quartz (SiO.) then followed. Finally six 
more gelva foils completed that stack. The stopping power of the quartz was 
1.08 times that of aluminum. The proportion of carbon to hydrogen in the 
foils was verified by a chemical analysis. 

Figure 2, (4), (i) shows the results of this experiment. The carbon points 
(Fig. 2(z)) were normalized to fit the known curve. Then the oxygen points 
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Fic. 2. Activation cross section for O%(p, a)N™. In 2(a) the composite curve is shown with 
a dotted portion representing the apparent cross section before the C%(p, n)N® contribution 
to the target activity was subtracted. Normalization of the composite O'%(p, a)N® curve was 
realized through 2(/), which shows the N# activity, and 2(2), which shows the established cross 
section for Cp, pn) C! in the same stack. Then the correction for C!(p, n)N was made 
through its activation cross section, 2(f), as normalized by O""(p, a)N™ shown in 2(g). Finally, 
the main features of the composite activation cross section for O'%™(p, a)N"™ are derived from the 
results of four stacked foil experiments shown in 2(b) to (e). 
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were plotted (Fig. 2(4)). Finally the excitation curve as determined from the 
previous oxygen experiment was normalized to give the best match with these 
points. The average cross section over the energy range covered by the quartz 
agreed to within 3% with the value predicted by the quartz activity. 


C8(p, n)N Background 

The 10-minute activity produced in the gelva foil was increased slightly 
by the production of N from C (abundance 1.1%). A rough measure of the 
cross section for this reaction was made over the region of interest by irradiating 
a stack of polythene foils. Every sixth target foil was gelva to aid in the 
normalization. In this manner the ratio between the cross sections for the 
reactions on C! and O"* was calculated. 

The results from this stack are plotted in Fig. 2, (f), (g). Fig. 2(/) shows 
the cross-section curve for the carbon activity while the points on the ac- 
companying graph (Fig. 2(g)) show the activity in the gelva monitor. The 
cross section did not match the results of Blaser et a/. (1951), which are shown 
as a broken curve on the graph. It is quite possible that the true cross-section 
curve is sharply peaked (at 7 Mev) in much the same manner as in the 
B"(p,2)C" curve (Hintz and Ramsey 1952). A small energy error, most likely 
in the present experiment, would account for the mismatch. The question was 
not studied in detail. 


F'8(p, pn) F'8 Cross Section 

The results from five stacks of teflon were used in plotting the cross section 
for the reaction F'°(p, pn) F'8 from 9 Mev to 25 Mev. The carbon activity in the 
teflon was used to normalize the excitation function at the higher energy 
end of the region studied. Since the relatively long-lived fluorine activity is 
quite strong in the region from 20 to 25 Mev, the subtraction of the 20-minute 
carbon activity from the composite decay was not accurate in some cases. 
The relative fluorine cross sections over each stack were determined by 
assuming the same proton flux passing through each foil. Results from the 
individual stacks were then normalized relative to one another, giving the 
composite curve in Fig. 3(a). 

In order to normalize the composite curve relative to the carbon cross 
section, the carbon activity in each foil was plotted. By matching the results 
from successive fluorine stacks, one would expect the carbon points to fit 
the known curve. Unfortunately agreement was not so good as might be 
hoped. The complete fluorine excitation curve was normalized so that the 
carbon points in Fig. 3(2) fit the known curve. Fig. 3, (0) to (f) shows the 
results from each stack. Owing to the poor matching, the absolute magnitude 
of the fluorine cross section has a 10% uncertainty, but the shape of the curve 
appears to be consistent. The proportions of carbon to fluorine nuclei used 
in the calculations was 1 to 2. A chemical analysis for hydrogen detected 
1% by weight, implying that some impurities in the foil might have upset the 
expected ratio of carbon to hydrogen. 
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Fic. 3. Relatively smooth activation cross section for F%(p, pn)F!8. The composite curve 
3(a) is derived from the results of a series of separate stacked CF» foil experiments, 3(f), (e), 
(d), (c), (6), in which much overlap exists. The internal carbon monitor readings are fitted to 
the established curve at 3(z); but the smooth characteristic of the main reaction then forces 
small drifts of monitor readings from the known curve in 3(g), (4), and (j). 


SUMMARY 
The three reactions studied exhibited quite different behaviors in the region 
above threshold. The (p, a) reaction in O"* appeared to be a composite of four or 
five peaks, three of which were resolved. The (p, pn)+(p, d) reaction in F® on 
the other hand gave a smoothly rising function limited mainly to the region 
above the (p, pn) threshold. The (p, pn)+(p, d) reaction in C” seemed to 
exhibit a combination of peaks superimposed on a smoothly rising function. 
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CALCULATION OF FREQUENCIES AND RELATIVE INTENSITIES 
OF NUCLEAR SPIN RESONANCE LINES IN CRYSTALS! 


M. Bioom, L. B. RosBinson,? AND G. M. VOLKOFF 


ABSTRACT 


Previous calculations of the dependence on the strength of the external mag- 
netic field Ho of the energy levels and the expected frequencies of nuclear spin 
resonance lines of Al”? nuclei in a single crystal of LiAl(SiO3)2 (spodumene) have 
been extended over a wide range of Ho to more general orientations of the crystal 
with respect to Ho. 

In order to describe the variation with Hp of the relative signal strength of a 
nuclear spin resonance line in a crystal, as observed with a crossed-coil spec- 
trometer, a system of modified Bloch equations has been set up which describe the 
behavior of the magnetization vector of a two-level system when transitions are 
induced by an oscillating magnetic field. Solutions of these equations are used to 
explain the difference in the dependence on Ho of signal strengths in crossed-coil 
and in single-coil spectrometers. 


INTRODUCTION 

Experiments have been in progress at this laboratory for some time in an 
attempt to observe the nuclear spin resonance spectrum of a nucleus in a 
crystal, placed in an external magnetic field Ho, over a sufficiently wide range 
of H» to demonstrate experimentally for the first time the complete gradual 
transition from a pure quadrupole spectrum slightly perturbed by the magnetic 
field to the opposite limiting case of a Zeeman spectrum slightly perturbed 
by the electric quadrupole interaction. Such an experiment has now been 
successfully completed by one of us (L.R.) for the Al?” nucleus in LiAl(SiO3)> 
(spodumene) and is described in an accompanying paper. In this paper some 
of the relevant theory is presented. 

The dimensionless parameter R = 4 wHo/eQ¢,, indicates the relative im- 
portance of the magnetic interaction w/Zo of the nuclear magnetic moment yu 
with the external field Ho compared to the quadrupole coupling energy 
eQ¢,,/4 of the nuclear electric quadrupole moment eQ to the crystalline 
electric field gradient, one of whose components is ¢,, = 0°¢/dz27. In order 
to be able to cover for the same crystal the complete range of R from 
R = 0 through RK1 and R=1 to R>1 by varying Hp» within the easily 
accessible range from zero up to not more than several thousand gauss, it 
is necessary to choose a nucleus-crystal combination for which the pure 
quadrupole frequencies lie in the neighborhood of one megacycle/second. 
Much higher values would require excessively high values of H7) to attain R> 1, 
while much lower values would make the slightly perturbed quadrupole 
spectrum very difficult to observe for R < 1 owing to poor signal-to-noise 
ratios at low frequencies. 
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The value of eQ¢,,/h = 2.950+0.020 Mc/sec for Al?’ in spodumene had 
been found earlier (Petch, Cranna, and Volkoff 1953) from observations at 
R> 1. Moreover, all four Al’? nuclei in a unit cell of spodumene are subject 
to identical quadrupole interaction so that the observed spectrum is not 
unnecessarily complicated by different contributions from different sites. 
For these reasons some earlier calculations on the expected frequencies and 
relative intensities as functions of R were made for the Al” lines in spodumene 
(Lamarche and Volkoff 1953; Volkoff and Lamarche 1954) as a guide to 
experimental work in the region R < 1. These earlier calculations were re- 
stricted to: (a) Hy directed only along the z principal axis of the electric 
field gradient tensor at the Al site in spodumene, (0) the weak radiofrequency 
(rf.) field H, inducing the transitions either circularly polarized in the xy 
plane or linearly polarized along the x principal axis of the field gradient 
tensor, (c) the resonances observed as absorption of energy in the coil which 
sets up the rf. field Hy. 

All attempts in this laboratory to observe the Al?’ lines in spodumene for 
R <1 using a single-coil detector of the resonance absorption type were 
unsuccessful, and the lines were only observed by use of a crossed-coil (nuclear 
induction) type of spectrometer. In the course of this experimental work it 
was found that the observed spectrum for R < 1, i.e. when the magnetic 
and the electric quadrupole interactions are comparable, showed some in- 
teresting features when Hy was taken in the xz plane at an arbitrary angle 
6 ¥ 0° with respect to the z principal axis. It was also found that the relative 
intensities of the various lines as a function of Ho as observed experimentally 
with the crossed-coil spectrometer disagreed quite markedly with the earlier 
calculations (Volkoff and Lamarche 1954) for the transition probabilities. 
The line designated v2 was observed to give a sharp minimum in signal intensity 
at the value of R for which a maximum transition probability was predicted. 
This effect indicated that in an induction spectrometer, the relative signal 
intensity must be determined by other factors in addition to the transition 
probability. 

It was therefore decided to extend the earlier calculations of energy levels 
and transition frequencies to values of @ other than 0°, and to study in some 
detail the theoretically expected dependence on Ho of the relative intensities 
of the lines that would be observed by a crossed-coil spectrometer. 

Section 2 outlines the results of numerical calculations of the energy levels 
and the expected resonance frequencies for Al” in spodumene for 6 # 0°. 
Sections 3 to 5 present a method of calculating relative signal strengths. In 
Section 3 equations are set up describing the behavior of the magnetization 
vector of a two-level system when transitions are induced between the two 
levels by means of an oscillating magnetic field. Solutions of these equations 
(Section 4), which are similar to the well-known Bloch equations for magnetic 
resonance (Bloch 1946) are used (Section 5) to calculate the relative signal 
strengths of the resonance line as observed by means of either the crossed 
coil or the single-coil technique. Only the general formalism applicable to an 
arbitrary two-level system is outlined in this paper, while the specific numerical 
results for Al” in spodumene are given in the companion paper. 
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2. ENERGY LEVELS AND RESONANCE FREQUENCIES 
The Hamiltonian to be diagonalized (Lamarche and Volkoff 1953) is 
(1) Hot Hy = Ob 371-1) 4+ (E—F)nl—g61 Ho 
4I(2I—1) . a oy ? 


where x, y, 2 are the principal axes of $;; = 0°/0x; 0x, and 7 is the asymmetry 
parameter: 


(2) 1 = (G22 — dy) / O22: 
For Hy chosen at an angle @ to the z axis in the xz plane we have 
(3) Az = —g8 Hy(I, cosé+TJ, siné). 


If we set J = 5/2 for Al*’, and divide (1) by eQ¢,, then in the representation 
in which J, is diagonal the Hamiltonian matrix to be diagonalized is given (in 
energy units of eQ¢-,,) by: 
on D go WwW 0 
s £2 3 £¢ *& 8 
o- sf «2 2 © @ 
as e¢ @ @& J &£ 
O° Roe Bid 
. ft 22 & J 


(4) 


where the rows and columns have been chosen to correspond to the eigen- 
vectors um of J, with m = 5/2, 1/2, —3/2, +3/2, —1/2, —5/2 respectively 
and the elements are defined by: 


a= 1-4 cos6 g= 75 sind 
b= = 557 30 cos6 h= ii 

(5) c= 3-2 cos0 t= VAR sind 
d= — Zt 550088 i= gos 
f= +e cosé 


This matrix has been diagonalized for selected values of n, R, and @ by the 
FERUT computer at the University of Toronto, with some additional points 
added later by the ALWAC-III-E computer at the University of B.C. 
Computing Centre. Numerical results are now available for » = 0.93, 0.95; 
6 = 0° to 90° in steps of 10°; R = 0 to 3.2 in steps of 0.4, as well as for some 
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additional intermediate values at points which proved to be of particular 
interest in connection with the experiment described in the companion paper. 
The coefficients A jm of the normalized eigenvectors 


Vi = ze A wale 


m 


were also obtained for some of the above sets of values of 7, 0, R. 

The eigenvalues \; = E;/eQ¢,, were shown as functions of R for 6 = 0°, 
n = 0.95 in Fig. 1 and the corresponding transition frequencies in Fig. 2 of the 
paper by Lamarche and Volkoff (1953). The present calculations show that 
the difference between the results for » = 0.93 and 7 = 0.95 is very small. 
As an example of the numerical results for 6 # 0° the eigenvalues for 7 = 0.93, 
6 = 10° are shown in Fig. 1 of this paper. 





ENERGY 








: 1 1 Be ccclicapetn aad 
0 08 16 R-> 24 Se 
O 214 428 H,(gauss)—e 856 


Fic. 1. Energy levels (in units of eQ¢.:/h4 = 2.960 Mc/sec) of the Al?’ nucleus in spodumene 
as functions of R = 44Ho/eQ¢., when Ho makes an angle 6 = 10° in the sx plane with the s 
principal axis of the tensor with 7 = (¢22—@yy)/¢e2 = 0.93. 


We draw attention to one point in which Fig. 1 of this paper differs from 
Fig. 1 of the earlier paper and which is of interest in connection with the 
experiment reported in the companion paper. As noted in the earlier paper 
the levels for 6 = 0° (when g, 7, and & vanish in matrix (4)) fall into two classes 
L, M with no transitions induced between levels of the same class by an 
oscillating magnetic field. Levels of different classes can cross (e.g. L2, Me 
near R = 1.4) but only a single transition of frequency v2 originating from the 
level Z; is possible to the level MM, near R = 1.4, the transition to the other 
level L2 being forbidden. For @ # 0° (e.g. @ = 10° of Fig. 1 of this paper) all 
six levels become of mixed character owing to the non-vanishing off-diagonal 
elements g, 7, k of the matrix (4). None of these mixed levels (labelled 1 to 6 
in Fig. 1) can now cross (compare the two middle levels Mo, Le in Fig. 1 of the 
earlier paper with the two middle levels 3, 4 of Fig. 1 of the present paper) and 
transitions between any pair of levels become in principle possible. Near 
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R = 1.4 in place of v2 two transitions v23 and v4 are now expected of nearly 
the same frequency, both originating in the second highest level and going 
to the third and fourth levels respectively. Thus even a small rotation of the 
crystal from @ = 0° will split the line vz into two lines near R = 1.4, as is in 
fact observed. 


3. DERIVATION OF THE MODIFIED BLOCH EQUATIONS 


We now turn to a discussion of the equations with the aid of which relative 
signal strengths can be calculated for either an induction or absorption spectro- 
meter. 

Consider the Hamiltonian of a nucleus of spin J, which interacts with 
arbitrary electric and magnetic fields. We split it into two parts, one of which, 
H, is time-independent (e.g. like (1)) and another .%; which is time-dependent, 
and assume that the eigenfunctions and eigenvalues of % are known (as in 
Section 2) 


(6) Hw = EW, Abe, = Ez, ete. 


In general there will be 27+1 energy levels, but we confine our attention 
to two of them, 1 and 2, which are assumed to be non-degenerate with respect 
to any other of the 27+1 states. 

The only important matrix elements of .#4 are assumed to be those off- 
diagonal elements connecting states 1 and 2. Such would be the case to first 
order, for example, of a harmonic perturbation of angular frequency close to 
wy = (E,—F2)/h. For this discussion “; is assumed to involve only magnetic 
interactions and we may write 


(7) HA = YH, +1,H,+1,H,| = yhl.H 


where y is the gyromagnetic ratio and I the angular momentum operator of 
the nucleus, while H is a time-dependent externally applied magnetic field. 
The matrix elements of J/,, /,, and J, between states 1 and 2 are assumed to be 
known. We restrict ourselves to the cases in which the matrix elements of 
I,, iJ,, and J, are real numbers. The case considered in Section 2 is included 
since the fact that the Hamiltonian (4) is real means that the coefficients 
A im are all real. Thus, we define: 

Wi" Live) = *|Lipi) = P, 
(8 (Wit lTylv2) = —We*|Ly|~i) = iS, 

(Wi*|7.\p2) (W.*|TlWi) = T. 
In the case considered in Section 2, P, S, 7 can be easily found in terms of the 


known coefficients A jm. 
The solution of the time-dependent Schroedinger equation 


(9) thy = (#i+ Mv 


is assumed to be 


(10 yy = api tby, 
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in which the coefficients a and 6 are, in general, time-dependent. Substituting 
(10) into (9), using (6), (7), and (8) and the orthogonality of Y, Ye 

‘i @ = —(iE,/h)a—iy(PH,+TH,+1iSH,)b\ 
on b = —(iE:/h)b—iy(PH,+TH,—iSH,)a$ ° 
We now introduce three variables: the ‘“‘time-dependent” parts of the expec- 


tation values of J,, and J,, which we call J,(t) and J,(¢) respectively, and the 
population difference between the states 1 and 2, which we call n. 


(12a) L(t) = (W*|Lely)’ = P(a*b+b*a), 
(120) I(t) = (¥*|L,|¥)’ = 1S(a*b—b*a), 
(12c) n = a*a—b*b. 


The primes indicate that only the off-diagonal matrix elements of J,, J, are 
considered in 12a and 126 respectively. 

Although J, and J, have in general non-vanishing diagonal matrix elements, 
e.g. (Wi*| TrlWi1), (Wi*|Z,\¥1), etc., these diagonal terms are of no interest to us. 
In the nuclear induction crossed-coil experiments which we are attempting 
to describe, the signal voltage is proportional to the time derivative of the 
component of the macroscopic magnetization vector M of the nuclear spin 
system along the axis of the pick-up coil (see companion paper). ./, and M, 
may be identified with yi J, and yhl, respectively. Furthermore, the detection 
system is tuned to an angular frequency close to wo. Now, the time dependence 
of the terms in J,, J, arising from the above-mentioned diagonal matrix 
elements is very slow, corresponding to frequencies very much smaller than 
wo, While the off-diagonal terms included in 12a and 128 give rise to frequencies 
close to wy and are the only important terms in J,, J, for our purposes. 

It may be remarked that in order to use the results to be derived here it is 
necessary to choose the coordinate system so that the axis of the pick-up coil 
is in the (x, y) plane in the principal axis coordinate system of the crystalline 
electrostatic field gradient tensor. 

Taking the time derivatives of 7,(¢), I,(¢), and n, and substituting for @, 6 from 
(11), we obtain the equations 


(13a) [,(t) = (P/S)wol,(t) —2y PSH,n, 
(130) 1,(t) = 2yS(PH,+TH,)n—(S/P)wol(t), 
(13c) n= 2y[(S/P) H,L,(t) — {((PH,+TH,)/S\L,(0). 


These equations are the analogs, for an arbitrary two-level system, of the 
equations of motion of a magnetization vector M in an arbitrary field H; 
namely M = yMXH. 

Equations (13) reduce to these equations for J = 1/2, which may be seen 
by identifying yj, ¥2 with the eigenfunctions of 7,, in which case P = S = 1/2, 
T = 0, wo = 7H, and by putting M, = yhl,(t), M, = yhl,(t), M, = yal, 
= (1/2)yhn. 
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A derivation of equations (13) for a more general two-level system has 
recently been carried out by Hellwarth, Feynman, and Vernon (1957) and, 
as these authors point out, equations (13) may be considered an alternative 
formulation of the Schroedinger equation for a two-level system. 

To set up the ‘‘modified Bloch equations’’ we add the damping terms 


I(t) T(t) 

eo, 7 
to the right hand sides of equations (13a), (130), and (13c) respectively, 7; 
and 7, being the ‘‘longitudinal”’ and ‘‘transverse”’ relaxation times respectively. 
It is not likely that damping terms added in this manner describe the detailed 
properties of the type of spin system in which we are interested, e.g., Al?’ in 
spodumene. The gross properties of the resonance will, however, be indicated 
by solutions of the modified Bloch equations and such solutions indicate the 
type of experiments needed to verify equations (13). 


(14) 


4. SOLUTION OF THE MODIFIED BLOCH EQUATIONS 


We now solve the modified Bloch equations (equations (13) with damping 
terms (14)) for the case of a linear oscillating rf. field 2H; coswt, where H; has 
polar and azimuthal angles 6, ¢; respectively. Thus 


H, = 2H, sin@; cosd; coswt, 
(15) H, = 2H, sin, sing; coswt, 
H, = 2H; cos6; coswt. 


We will not go through the solution of the resulting equations in detail, 
but will outline the procedure, which is straightforward, and give the results. 
We solve for the case of ‘‘slow passage’’ in the sense defined by Bloch (Bloch 
1946); that is, we assume that any frequency or field modulation used has a 
sufficiently slow time variation that nm achieves a quasi-static value at any 
time and we can put x & 0. Then, taking as constant, equations (13a) and 
(135) (with damping terms) may be converted to second order differential 
equations in J,(t) and J,(t). The slow passage solutions are the particular 
solutions of these equations. The values of [,(t), I,(t), which depend linearly on 
n, are substituted into the third equation and we note that 2 = 0. The re- 
sultant equation for m contains some constant terms plus terms proportional 
to sin2wt and cos2wt. These time-dependent terms are discarded. This pro- 
cedure, if followed for the Bloch equations for magnetic resonance, corresponds 
to splitting the linear oscillating field into two components rotating in opposite 
senses and neglecting the component which rotates in the sense opposite to the 
nuclear magnetization vectors. The neglected component only produces small 
nutations of the magnetization at the angular frequency 2w. Here also, we 
could, in principle, split our linearly polarized field into effective and in- 
effective components, except that these components, instead of being simply 
circularly polarized, would be elliptically polarized. The criterion for choosing 
the effective component becomes a bit more tricky, and so instead we adopt 
the above procedure. 
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The results are then 
(16a) (no—n)/no = (4¥°H271T2/K)(L?2+N?), 
(16d) L(t) = (2yHiT2no/K)[(PN+AwT2PL) sinwt 
+(AwT2PN — PL) coswt], 
(16c) L(t) = (2yHiTno/K)[{(SL—AwT2SN) sinwt 
+(Aw7».SL+SN) coswt], 


where 
K = 1+ (40)?7+4y7H?T\T2(L?+ N?), 
L = S sin@; sing, 
N = Psin6,; cos¢i+T cos6,, 


Aw = wo—w. 


5. EXPERIMENTAL PREDICTIONS 


(a) Saturation 

The term K appearing in the denominators reduces, for spin 1/2 nuclei, to 
that given by the ‘“‘slow passage”’ solution of the Bloch equations. Since S, 
P, and T are generally of order of magnitude unity, saturation occurs when 
VYH?T,T,> 1. 
(b) Absorption Methods 

Many experimental techniques in nuclear magnetic resonance give a signal 
strength proportional to the power absorbed by the nuclear spin system, Pa, 
which is proportional to (m»—n)/7;. Therefore 


P, « [S* sin?6, sin’¢,+(P sin@; cos¢i+T cos6,)?] « |(¥i*| Alp) |?. 
(c) Crossed Coil Method 


The voltage (V) induced in the pick-up coil (usually oriented at right angles 
to H;) is proportional to the amplitude of I(¢) along the axis of the pick-up 
coil. 

Case I: H, oriented in x-direction (0; = r/2, ¢; = 0). 

Pick-up coil oriented in y-direction. 


(17) I,(t) « |— PS. wT» sinwt+ PS coswt]. 


Therefore V is not proportional to the square of the matrix element (P*) 
entering into the transition probability, except for the case of magnetic 
interactions alone, in which case P = S. For the case of Al” in spodumene, as 
is discussed in the companion paper, it turns out that in the region where P 
goes through a maximum, S goes through zero for the transition v2, thus 
accounting for the observed minimum of the line intensity. 

Case IT: H, oriented in the (x, y) plane at angle ¢; from x-axis. 

Pick-up coil axis in (x, y) plane at angle (4/2)+q, from x-axis. 
Then V « Igyis (t) where Zaxis (t) is the component of I(t) along the 
axis of the pick-up coil. 
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(18) Taxis(t) & (I,(t) cos? —I,(t) sing] 
«[{{— PS AwT2+(S?— P?) sing: cos¢;} sinwt 
+ {(S’— P?) sin $1 cos@:AwT 2+ PS} coswt]. 


For ¢; # 0°, the signal should be observable even for S = 0. A striking 
prediction for S = 0 is that the term proportional to sinwt should appear as an 
absorption type signal instead of the normal dispersion signal observed for 
pure magnetic interactions (P = S), while the contribution from the coswt 
term should be of the dispersion type. Since the crossed-coil method allows 
separate observation of the different phases of the induced voltage, this effect 
should be experimentally observable. 

The physical interpretation of these predictions is very straightforward. 
In pure magnetic resonance, the mode of excitation of the magnetization vector 
is a circular precession. The projection of the magnetization vector on the 
x, y plane describes a circle. For a mixture of magnetic dipole and electric 
quadrupole interactions, the excitation is an elliptical precession. The pro- 
jection of the induced magnetization vector on the x, y plane describes an 
ellipse, the ratio of the semiaxes being S/P. If the frequency of a certain 
transition in such a system decreases upon the application of a small magnetic 
field, then goes through a minimum and increases with increasing magnetic 
field strength, the sense of precession must change in the process. At the mini- 
mum (unless the minimum frequency is zero) the excitation is a linear 
oscillation. If either H, or the pick-up coil of an induction spectrometer is 
oriented perpendicular to the axis of excitation, no signal is observable at 
the minimum. 
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THE NUCLEAR SPIN RESONANCE SPECTRUM OF Al” 
IN SPODUMENE' 


L. B. RoBInson? 


ABSTRACT 


An experimental study has been made of the nuclear spin resonance spectrum 
of Al? in a single crystal of spodumene (LiAI(SiO3)2) over a range of external 
magnetic field Hp wide enough (0 < R = 4uHo/eQ¢.- < 2) to bridge for the first 
time the gap between pure quadrupole spectra (R = 0) and Zeeman spectra 
slightly perturbed by quadrupole interactions (R > 1). Experimental results on 
the resonance frequencies and relative signal amplitudes obtained with an in- 
duction type of nuclear resonance spectrometer are described, and are found to 
be in good agreement with the theoretical predictions given in the preceding 
companion paper. 


1. INTRODUCTION 


On the basis of previously published theoretical work including that pre- 
sented in the immediately preceding companion paper (Bloom, Robinson, 
and Volkoff 1958), it is possible to calculate nuclear spin energy levels, tran- 
sition frequencies, and transition probabilities when the spin states are 
determined by magnetic dipole and electric quadrupole interactions. This 
theory has been applied to the case of Al?’ nuclei in a single crystal of spo- 
dumene (LiAI(SiO;):), and some numerical results concerning the nuclear 
spin resonances in spodumene are given in the companion paper and in the 
papers of Lamarche and Volkoff (1953), Volkoff and Lamarche (1954). These 
results are particularly interesting for values of the steady external magnetic 
field Ho such that the ratio of magnetic dipole to electric quadrupole inter- 
action energies, defined by R = 4H, /eQ¢,:, is of the order of unity. In this 
paper experimental observations of the spin resonance spectrum for0< R < 2 
are reported. 

The measurements of the nuclear spin resonance spectrum of Al?’ in spo- 
dumene were made not to provide information about the crystal structure of 
spodumene, or about the nuclear constants of Al’’, but to give the first example 
of an experimentally observed nuclear spin resonance spectrum covering a 
broad enough range of magnetic field to link the pure quadrupole resonances 
at R = 0 with the Zeeman-line split by quadrupole interaction at R> 1, 
and so to allow a direct experimental check on theoretical predictions for this 
region of the spectrum. 

Spodumene was chosen as the crystal to be studied for several reasons. 
The quadrupole coupling constant eQ¢,, of AP? in spodumene is 2.97 Mc/sec, 
which happens to be large enough so that the pure quadrupole resonances 
(R = 0) are observable and yet is small enough so that & is much larger than 
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unity at magnetic fields of a few kilogauss. The asymmetry parameter 7 
(defined in the preceding paper) is 0.93, which is large enough to cause ‘‘extra’”’ 
transitions to be observable in the region R = 1. Also, all the Al?’ nuclei in 
spodumene occupy equivalent positions in the unit crystal cell, which leads 
to a reasonably simple spectrum. The only nucleus present in spodumene 
in sufficient abundance to produce interfering resonances is Li’, and these 
resonances are readily identified. Full details of the crystal structure and 
quadrupole coupling constants of spodumene have been given by Volkoff, 
Petch, and Smellie (1952) and by Petch, Cranna, and Volkoff (1953). The 
latter authors have studied the spin resonance spectrum of Al?’ in spodumene 
for R> 1. 


2. APPARATUS 

(a) General Considerations 

Early attempts to detect resonances in the region R < 2 were frustrated by 
low signal-to-noise ratios due to the low frequency and large line-width of the 
resonances. For this reason, the apparatus for the present experiment was 
chosen with a view to obtaining the optimum signal-to-noise ratio in solids at 
low frequencies. The nuclear induction type of spectrometer used here has 
been described by other authors, but as the resonances to be reported are at 
considerably lower frequencies than have generally been observed in solids, 
the particular arrangements used in this experiment will be described in some 
detail. 

The radiofrequency part of the apparatus was based on a spectrometer 
similar to that described by Weaver (1953). A diagram of the rf. system is 
shown in Fig. 1. 
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Fic. 1. The rf. part of the nuclear induction spectrometer. 
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It is well known that in certain circumstances the crossed-coil type of 
spectrometer gives a much better signal-to-noise ratio than do spectrometers 
where only a single coil is used both to provide an exciting rf. field and to 
detect the nuclear resonance signals. This is especially true where weak, 
broad resonances with short relaxation times are involved, such as in spodu- 
mene, where rf. magnetic fields of the order of a gauss or so were used without 
saturating the spin system. The use of only a single coil in such cases mixes 
the unavoidable noise from the rf. oscillator into the detected signal, and at 
such high rf. fields this noise is likely to be many times larger than the thermal 
noise in the coil. With crossed-coil systems this difficulty vanishes, as only 
a tiny fraction of the oscillator voltage appears on the detection or ‘‘receiver’’ 
coil and the same tiny fraction of the noise from the oscillator is detected. 

A similar reduction in the effect of noise from the oscillator should be 
obtained by using an rf. bridge arrangement; however, several attempts to 
achieve a good signal-to-noise ratio for spodumene using bridge systems 
gave only about one fifth as high a signal-to-noise ratio as could be achieved 
with the nuclear induction spectrometer. This factor of five was just enough to 
prevent measurements of the Al*’ resonances in spodumene with bridge 
techniques. 

The rf. amplifier indicated in Fig. 1 consisted of three R-C. connected 
6AC7 amplifying stages and had an over-all gain of 50, with a bandwidth of 
about 5 Mc/sec. A low frequency cutoff at about 20 kc/sec, achieved by the 
use of a small value of coupling condenser from the receiver coil to the first 
amplifier stage, prevented any direct feed-through of audio signals induced 
by the 225 c.p.s. magnetic field modulation. 

The transmitter coils were each made of 100 turns of No. 40 Formel-covered 
copper wire, wound on a 7/8 in. diameter lucite form to make a single-layered 
coil with an inductance of about 250 microhenries. Care was taken to make 
the two transmitter coils as nearly identical as possible. The receiver coil 
was wound from No. 32 wire on a cylindrical shell of lucite: O.D. 7/8 in. and 
I.D. 3/4 in. After the coil had been wound, the coil form was placed in a 
more rigid lucite support. 

The three coils were mounted in a metal shield box, 4 in. X5 in. X 1} in., with 
the transmitter coils placed symmetrically on either side of the receiver coil 
as indicated in Fig. 1 and as close to it as possible. A hole in the metal box 
allowed samples to be placed inside the receiver coil without disturbing the 
spectrometer. At first, the 4 in. X5 in. sides of the box were of 1/16-in. brass, 
but when the box was placed in a magnetic field modulated at audio-frequency 
the sides vibrated, leading to spurious modulation of the rf. voltages. The 
trouble was overcome by using sides of 1/16-in. lucite covered by 3-mil brass 
shimstock. A better procedure was suggested by Dr. Packard of Varian 
Associates; the coils were mounted in 1}-in. holes drilled in a solid block 
of aluminum with outer dimensions 3 in.X4 in. X14 in. Either one of these 
procedures eliminated most of the difficulties from induced vibration. 

The rf. voltage appearing on the receiver coil was balanced out using an 
arrangement very similar to that described by Weaver (1953) except that the 
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fine V-mode control was omitted. Using this arrangement it was easy to reduce 
the rf. voltage on the tuned receiver coil to below 1 millivolt, even with a 
50-volt signal across the transmitter coils. Smooth operation was facilitated 
by careful machining of the movable parts and the application of a little 
stopcock grease on the rotating lucite rod which held the u-mode control loop. 
By making the two transmitter coils identical and arranging them sym- 
metrically on either side of the receiver coil, electrostatic coupling to the 
receiver coil from the transmitter coils was made negligible, and it was not 
found necessary to use an electrostatic shield around the receiver coil. 

In operation, a homodyning signal of about 20 millivolts was induced on the 
receiver coil by rotation of the lucite rod holding the u-mode control, after 
the voltage appearing in the receiver coil had been first reduced to less than a 
millivolt. The output from the rf. amplifier was rectified by a 6AL5 diode 
so that only the component of nuclear resonance signal in phase with the 
homodyning signal, in this case the dispersion component, was detected. 

The magnetic field Hyp was modulated by a field Hog sin2zft, where 
f = 225 c.p.s., hence the nuclear resonance signal after rectification at the 
6AL5 diode appeared as harmonics of 225 c.p.s. This signal was amplified 
by an audio-amplifier tuned to 225 c.p.s. and after amplification fed to a phase- 
sensitive detector of the type described by Schuster (1951). The band width 
was reduced to 1.0, 0.1, or 0.025 c.p.s. by means of a simple R-C. network on 
the output from the phase-sensitive detector, and the resulting signal was 
recorded on an Esterline-Angus chart recorder. When the magnetic field is 
swept slowly through a resonance, with Hj,4 much less than a line width, the 
record obtained corresponds to the derivative of the nuclear resonance signal. 
Actually, the best signal-to-noise ratio is obtained with Hy q about equal to 
half the line width. This distorts the derivative curve, but the distortion is 
symmetrical, so that the position of the central inflection point on the dis- 
persion curve can still be measured. 

Magnetic fields of less than 500 gauss were required in the experiment; 
these were obtained from a water-cooled electromagnet containing no ferro- 
magnetic materials. An inhomogeneity of less than 1 gauss over the sample 
volume did not appreciably increase the resonance line width, which was 5 
gauss or more. The current through the electromagnet was controlled by a 
servosystem whose ultimate control was a helipot driven by a synchronous 
motor. 

The magnet current was measured by means of a series manganin resistor 
and a potentiometer. During the course of observing a nuclear resonance, 
several potentiometer readings would be recorded at corresponding points 
on the chart record, and since both the magnetic field and the chart position 
were varied at a constant rate by synchronous motors, linear interpolation 
could be used to find the exact potentiometer reading corresponding to a 
resonance maximum. 

The potentiometer was calibrated in terms of the magnetic field at the 
sample position before and after measurements of Al? resonances and without 
moving the spectrometer relative to the magnet. Some calibrations were made 
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using Li? resonances in the same sample, others were made using proton 
resonances in a sample of mineral oil occupying the space normally occupied 
by the spodumene crystal. These strong signals were also used to adjust 
the phase-sensitive detector to its optimum setting and to check that the 
derivative signals being obtained were actually symmetrical. 


(b) Pure Quadrupole Spectrometer 

The nuclear induction spectrometer can also be used to measure pure 
quadrupole resonance frequencies, provided that a perturbing magnetic field 
is used. Since the average field must be zero for pure quadrupole resonance, 
it was necessary to sweep the rf. frequency slowly through the resonance, 
instead of sweeping the magnetic field as was done for the other resonances. 
Unfortunately, the induction spectrometer is slightly frequency-sensitive, the 
homodyne signal on the receiver coil changing phase by a few degrees for a 
change of say 100 kc/sec near 800 kc/sec. The line width is about 20 gauss 
and an audio-frequency perturbing magnetic field of this order of magnitude 
is necessary for the maximum signal-to-noise ratio. This field always causes 
some modulation of the homodyne signal, probably owing to vibration of the 
shielding box, and the amount is dependent on the phase of the homodyne 
signal. So long as the phase of the homodyne signal is constant, the modu- 
lation pickup can be balanced out by a d-c. balance control at the phase- 
sensitive detector, but when the phase changes, the sensitivity to vibration 
changes, resulting in changes at the output of the phase-sensitive detector 
large enough to hide weak resonance signals. 

The shift of homodyne signal phase with frequency was largely overcome 
by use of an induction spectrometer similar to those described already, but 
with a larger shield box, where none of the metal of the box was within an 
inch of the coils. Using this spectrometer, with the band width of the system 
at 0.025 c.p.s. it was possible to observe the two pure quadrupole resonances 
of spodumene which occur at 751.5 and 793.5 ke/sec. This spectrometer, 
using frequency sweep, did not, however, reach the stability which was 
obtained with a constant frequency and magnetic field sweep. 


(c) Spodumene Samples 

Three different crystals of spodumene were used, two weighing about 5 g 
and one weighing about 10 g. All were clear, the larger one having a faint 
green color, and all three had at least two visible cleavage faces. They were 
cut from three different pieces of spodumene with a diamond saw and shaped 
to fit into the spectrometer by grinding with carborundum. After they were 
ground, the crystals were mounted on 1/2 in. lucite rods with sealing wax, the 
lucite rods being mounted on the frame of the electromagnet so that the 
angular position of the crystal with respect to the magnetic field could be 


easily adjusted. 
3. EXPERIMENTAL RESULTS 


(a) Resonance Frequencies 
In order to simplify the following presentation, a co-ordinate systern ts 
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chosen where @ measures the rotation of the crystal about the y principal axis 
of the electrostatic field gradient tensor, which in turn is held perpendicular 
to Ho. The value 6 = 0 defines the position where the z principal axis is parallel 
to the magnetic field. As described in the preceding companion paper and in 
the paper by Lamarche and Volkoff (1953), the energy levels of the system 
are numbered from highest to lowest, and transitions are indicated by the 
letter » with suitable subscripts. For the special case where 6 = 0, only a 
single subscript is used. For other values of 6, two subscripts are used, denoting 
the energy levels between which the transition occurs. Thus »,; indicates the 
resonance resulting from transitions between the 7“ and j™ energy levels. 
Figure 2 shows a record which was taken to demonstrate the sensitivity 
of the induction spectrometer even at low frequencies. The frequency of 313 
kc/sec was the lowest which could be conveniently obtained from the oscillator 
without changing the transmitter coils. A 0.1 c.p.s. band width was used. The 
spodumene sample weighed 10 g and was oriented with 6 = 90° so that the 
Li’ line was split in three by nuclear quadrupole interaction. One of the Al?’ 
lines also appears, corresponding to the “‘central’’ Al?’ line at high frequencies. 





Fic. 2. The recorded derivative of nuclear dispersion signals in a 10 g crystal of spodumene. 
The frequency is 313 kc/sec and 6 = 90°. A band width of 0.1 c.p.s. and a magnetic modu- 
lation of about two gauss peak-to-peak at 225 c.p.s. were used. The resonances shown are 
(from left and to right) Al?’: “central” line at 144 gauss; Li’: satellite at 170 gauss, ‘‘central”’ 
line at 189 gauss, satellite at 208 gauss. Hp was swept at about 19 gauss per division. 


Figure 3a shows a selected record of Al*’ resonances obtained at 660 
kc/sec with @ = 0°, while in Fig. 36 the frequency is 800 kc/sec with @ = 5°. 
Typical records are reproduced in Fig. 3c showing the increasing separation 
of v23 and v4 at 800 kc/sec as 6 increases from very close to zero up to 5°. The 
low signal-amplitude in Fig. 3c as compared to Fig. 3b is due to the use of a 
magnetic modulation of only 1 gauss peak-to-peak, compared to a modu- 
lation of 6 to 8 gauss used in the other runs. 

Theoretical predictions of the energy levels and transition frequencies for 
the case 6 = 0 were first given by Lamarche and Volkoff (1953); the com- 
panion paper reviews these results and also gives theoretical predictions for 
cases where 6 ¥ 0. Figure 4, which corresponds to an enlarged portion of Fig. 
2 of Lamarche and Volkoff (1953) recalculated for 7 = 0.93, gives a comparison 
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_ Fic. 3. Selected recorded derivatives of Al” nuclear dispersion signals in spodumene. Ho 
is swept at about 19 gauss per division in each case. 

(a) Oscillator frequency of 660 kc/sec, 6 = 0°, Hmoa = 4 gauss. The record shows v2 at 293 
gauss and »7 at 326 gauss. A band width of 0.1 c.p.s. was used. 

(6) Oscillator frequency of 800 kc/sec, 6 = 5°, Hmoa = 3 gauss. v24 at 369 gauss and v23 
at 397 gauss. Band width 0.025 c.p.s. 

(c) Oscillator frequency 800 kc/sec. Three records at @ = 0°, 1°, 5° showing the progressive 
separation of v2; from v24 as @ increases. Band width 0.1 c.p.s. The record at 6 = 5° is the same 
as (b) except that Hmoa was reduced to 0.5 gauss in (c). 


of these theoretical predictions with experimental measurements for the case 
6 = 0. The circles are experimental points, and the solid lines show the 
theoretical predictions. The dot-dashed line indicates the position of proton 
resonances, and the dashed line shows the position of Li? resonances for 
6 = 0. (Protons in the lucite of the spectrometer, and Li? in the spodumene 
crystal, gave rise to resonances much stronger than any Al?’ resonances and 
prevented any useful measurements for a distance of 20 gauss or so to either 
side. A spectrometer built with glass coil-forms instead of lucite forms still 
had a proton resonance strong enough to hide any nearby Al?’ resonances.) 
The resonances shown in Fig. 4 for 1, v4, v6, v7 were observed to be wider than 
the v» resonances with 0.8 < R < 1.6. This can be understood if the line width 
is due to slight variations in eQ¢,, from one Al?’ site to another. The frequency 
of v2 in the region 0.8 < R < 1.6 is not as dependent on the quadrupole 
interaction constant as are the other lines (for R < 2) so that a slight variation 
of eQ¢,, does not affect vz as much as it does the other lines. The assumption 
that the line width of the spodumene resonances is mainly due to variations 
in eQ¢,, is also supported by the fact that Li’ resonances (for which in 
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spodumene the quadrupole interaction is much smaller than for Al?”) had a 
line width of only 2 to 3 gauss, compared to a line width of 5 to 8 gauss for v2 
and 10 to 15 gauss for the other Al?’ resonances. The relative narrowness 
of the v2 resonances helped to make the signal-to-noise ratio of v2 larger than 
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Fic. 4. Nuclear spin resonance spectrum of Al?’ in spodumene. The solid lines show the 
predicted transition frequencies for 6 = 0° from the preceding paper, and the circles are 
experimentally observed resonances. The dot-dashed line indicates the position of interfering 
proton resonances and the dashed line shows the position of interfering Li? resonances. 

Fic. 5. Nuclear spin resonance spectrum of Al?’ in spodumene. The solid lines show 
theoretical predictions for transition frequencies of v2 and of v23 and v24 at 6 = 0° and 5° re- 
spectively. The circles and crosses indicate observed resonances. The insert at top shows 
observed resonances for @ = 0. v2, was not observed at higher frequencies nor was v2; observed 
at lower frequencies than those for which experimental points are shown. 


that obtained for the other resonances. The measurements of resonance position 
for v2 are accurate to about +1 gauss while the measurements for 1, v4, v6, ¥7 
are only accurate to about +2 gauss. The agreement between theory and 
experiment of the points shown in Fig. 4 is well within experimental error. 
However, at values of R very near to 1.4 (the point at which the levels ZL, and 
M, cross in Fig. 1 of Lamarche and Volkoff (1953)), a detailed study showed 
a doubling of the line which is not predicted by theory for 6 = 0°. The observed 
doubling is shown in the enlarged insert of Fig. 5 and will be discussed after 
the results for 6 ¥ 0° have been presented. 

Figures 5 and 6 show some experimental results for @ = 5°, 10°, and 20° near 
R = 1.4 where, as explained in the companion paper, two lines voy and yy; 
are expected to appear for @ # 0° corresponding to v2 at @ = 0°. Perhaps it is 
worth mentioning that the calculations for 6 4 0° were done after experimental 
measurements of the lines had been made, in contrast to the case 6 = 0°. 
Generally, the points are in good agreement with the theoretical predictions 
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Fic. 6. Nuclear spin resonance spectrum of Al?" in spodumene. Solid lines indicate theoreti- 
cal predictions for 23 and v23 at 10° and 20° while circles and crosses show experimental obser- 
vations. 

Fic. 7. Relative signal amplitudes calculated using eq. 16c¢ of the preceding paper. The 
results apply to the case of 6 = 0°, the receiver coil of the induction spectrometer parallel 
to the y principal axis of the spodumene crystal and the transmitter coil parallel to the x axis. 
The change in sign of the calculated signal amplitude indicates a 180° phase shift in the nuclear 
signal with respect to the rf. magnetic field. 


shown by the solid lines, although the measurements of v2; at @ = 5° and 10° 
show a disagreement with theory of about 5 kc/sec. The discrepancy is of the 
order of the line width and could be explained perhaps by an error in alignment 
of 1° or so. However, it is felt that the crystal was aligned to better than 0.3°, 
and results obtained from two different crystals, one of 10 g and one of about 
4 g, were in excellent internal agreement. No explanation for this small 
difference has been found. 

The insert of Fig. 5 shows on an enlarged scale the observed behavior of 
v» for 6 = 0° at frequencies near 800 kc/sec. The theory of Section 2 of the 
companion paper shows that for @ = 0° the levels Z; and Lz are mixtures of 
m = —3/2, 1/2, 5/2 states, while M2 is a mixture of m = —5/2, —1/2, 
3/2 states, so that the 1. and Moz levels can cross and the Am = +1 selection 
rule permits only the transition from the Z; to the 2 and not to the ZL» level, 
giving rise to the single ve line. 

For 6 # 0°, the off-diagonal elements of the magnetic interaction mix the 
two close-lying levels, leading to the “repulsion” of levels 3 and 4 near R = 1.4 
of Fig. 1 of the companion paper, with the level 3 having the characteristics 
of Le for R < 1.4 and AM, for R > 1.4 and vice versa for the level 4. Near 
R = 1.4, each level 3 and 4 possesses the characteristics of both Lz and M, 
in about equal amounts. This means that the transition 2; from level 2 to 
level 3 should be strong for R > 1.4, while the transition ysy from level 2 to 
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level 4 should be strong for R < 1.4, as observed. The fact that a similar 
behavior is observed for 6 =0° in the insert of Fig. 5 shows that the levels 
L, and M, do not in fact cross, but are mixed and “repel’’ each other. This 
can be ascribed either to lack of complete alignment (z principal axis of 
electric field gradient tensor not parallel to Ho) or to the existence of some other 
weak interaction which was not taken into account in the Hamiltonian (1) 
of the companion paper, and which has off-diagonal elements in the repre- 
sentation chosen, leading to a mixing of levels even for the z principal axis 
parallel to Hp. 

Experimentally, near R = 1.4 it was always possible to observe two reson- 
ance peaks separated by 5 gauss or so, the line width of about 5 gauss allowing 
the two peaks to be just barely resolved with an Hynoa of 0.5 gauss (see Fig. 
3c). The double line could only be observed close to R = 1.4; for lower or 
higher magnetic fields only one line was found. The observed splitting could 
be accounted for by a misalignment of about 0.5°; however, both @ and the 
angle between the y principal axis and H were varied in steps of 0.25° and no 
point was found where the two resonance lines came together. The crystal was 
actually aligned in the magnetic field by finding the position where the two 
lines approached each other most closely. Therefore either there was a varia- 
tion in the direction of Ho over the crystal or some other weak interaction 
is responsible for mixing the levels at @ = 0°. 


(b) Relative Signal Intensities 

The wave functions obtained from solution of the Hamiltonian for Al?’ in 
spodumene allowed the calculation of relative transition probabilities (see 
Lamarche and Volkoff (1953), Volkoff and Lamarche (1954), and the preceding 
companion paper). These calculations showed that in addition to the 2J 
Zeeman lines » to vs for R >> 1, and the two quadrupole lines split by the 
magnetic field into the pairs (v2, vs) and (m4, »7) for R «1, it should also be 
possible to observe some of the lines 1, v2, v4, v6, v7 Over parts of the inter- 
mediate range 0 < R < 2. The experimental results of Fig. 4 confirm these 
expectations. The lines v3, vs are both of too low a frequency and transition 
probability, and the lines sg, v9 of too low a transition probability to be ob- 
served. 

A second interesting feature of the calculations was that for a linearly 
polarized rf. magnetic field, the transition probability for vz goes through a 
maximum value near R = 0.7. C5servations of signal strength for v2 using the 
induction spectrometer indicated an apparent disagreement with this result. 
Just where the transition probability was expected to increase with decreasing 
magnetic field, the nuclear induction signal intensity decreased sharply with 
decreasing magnetic field. The rate of decrease of signal intensity was far 
too rapid to be explained by the relatively slow decrease of population differ- 
ence between levels nor was there any sign of a rapid increase in the line 
width which could have led to the sharp decrease in signal amplitude. 

To understand this apparent discrepancy, it is necessary to remember that 
the nuclear induction spectrometer responds only to the component of rf. 
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magnetization parallel to the receiver coil. For transitions between levels 
which are eigenstates of the 7, operator, such as one gets with pure magnetic 
interactions, the rf. magnetization is the same in any direction normal to Hp, 
so that signal strength is the same with either a single coil or a crossed-coil 
spectrometer. However, for ‘‘mixed”’ states such as occur when quadrupole 
interactions are present, the net rf. magnetization is not the same in different 
directions normal to Ho so the relative signal strength cannot be obtained 
directly from the relative transition probability. A procedure for calculating 
relative signal intensities for ‘‘mixed”’ states has been given in the preceding 
paper, and the results obtained there have been applied to this experiment 
for the particular case where the x principal axis of the crystalline electric 
field gradient tensor is parallel to the axis of the transmitter coils, the y 
principal axis parallel to the receiver coil axis, and the z principal axis parallel 
to Ho. Using the principal axis coordinate system we define 


P= (Wo*| Iz \y1) = (vi*|Iz|y2) 
S = (vo* tT) = —(vi*|2D,|p2) 


where ¥y and y2 are the wave functions of the two energy levels between 
which transitions are taking place. These wave functions are known from the 
work of Lamarche (1953). Then equation (16c) of the preceding paper may be 
used directly, and for rf. magnetic field of amplitude H such that y?Hy?7,T2 
<1 (i.e. no saturation), we find that the magnetization in the y direction 
(and hence the induced voltage in the receiver coil), is proportional to PSno, 
where mp is the equilibrium population difference between the two levels. In 
contrast, the transition probability is proportional to P®. P goes through a 
maximum value near R = 0.7, but S changes sign, passing through zero at 
that point. The curves of PS, which should be proportional to signal amplitude 
for an ideal induction spectrometer have been plotted in Fig. 7 for several of 
the stronger lines of Al?? in spodumene. These may be compared to the curves 
of P? shown in Fig. 1 of Volkoff and Lamarche (1954) which should be pro- 
portional to signal amplitude in a single-coil spectrometer. 

Quantitative comparisons between relative signal voltages and the predic- 
tions of Fig. 7 are not given, firstly because the signal-to-noise ratio is too 
small for reliable measurements of signal strength, secondly because, while 
the calculations are made for a linearly polarized rf. magnetic field parallel 
to the x axis, there are actually components of rf. field in the y and 2 directions 
as well, owing to the geometry of the transmitter coils. There is, however, 
good qualitative agreement between observed variation of signal voltages with 
magnetic field and the predictions shown in Fig. 7. In particular, the amplitude 
of v, resonances dropped by a factor of four or so in the region between R = 1.0 
and R = 0.8, in good agreement with the curve of Fig. 7. Comparison of the 
relative amplitudes of adjacent lines v2, v7, and 4, vs also gave agreement within 
the accuracy of measurement. With the rather low signal-to-noise ratio ob- 
tained in spodumene, it was not possible to check the other predictions in 
Section 5 of the preceding paper. 
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(c) Quadrupole Coupling Constants of Al?’ in Spodumene 

It is of interest to compare the values of 7 and of eQ¢,,/h which have been 
obtained at R= 0, R= 1, and R> 1. The cases R> 1 and R = 0 have 
already been published (Petch et a/. 1953; Robinson 1957). 

At R = 1, values of n and eQ¢,,/h were obtained by comparing measured 
resonance frequencies of v2, v23, and v2 with numerical solutions of the Hamil- 
tonian. To obtain eQ¢,,/h, advantage was taken of the fact that theoretical 
resonance frequencies for v2 are relatively insensitive to changes in 7 for values 
of R near unity. Comparing the observed variation of resonant frequency 
versus Hp) with numerical solutions of the Hamiltonian gave the result 
eQ¢,,/h = 2.975 Mc/sec. The weighted mean of the three separate de- 
terminations at R = 0,R = 1, R > 1, gives eQ@.,/h = 2.966+0.006 Mc/sec. 
To obtain a value for n, use was made of the fact that the position at which 
energy levels L2 and Mz cross is a fairly sensitive function of 7, hence the 
frequency at which v2 crosses the forbidden transition vz, ,, may be used to de- 
termine 7. The ‘‘crossover’ frequency is found to be 797+1 kc/sec from 
measurements such as are shown in the insert of Fig. 5. Solutions of the 
Hamiltonian showed that the lines would cross (for 6 = 0) at a frequency of 
797 kc/sec if 7 = 0.930 and at a frequency of 793 kc/sec if » = 0.950. This 
gives a value for y of 0.930+0.015 at R = 1.4. 

In Table I are shown the values of eQ@,,/h and n obtained from measure- 
ments at the three widely divergent values of R. The agreement indicates 
that the measurements at different values of magnetic field are consistent 
with one another. 


TABLE I 
COMPARISON OF SPODUMENE DATA 











€Q¢22/h (Mc/sec) n Author 
R=0 2.965+0.010 0.933+0.008 Robinson (1957) 
R=1 2.975+0.010 0.930+0.015 This work 
R>1 2.950+0.020 0.94 +0.02 Petch et al. (1953). 
CONCLUSIONS 


Over a wide range of magnetic fields, the resonance frequencies observed for 
Al?7 in spodumene are in good agreement with transition frequencies predicted 
by diagonalization of the Hamiltonian derived from nuclear magnetic dipole 
and nuclear electric quadrupole interactions. The agreement is equally good 
for the magnetic dipole interaction energy much less than, much greater than, 
or equal to the electric quadrupole interaction energy. 

In the region where magnetic dipole and electric quadrupole interactions 
are of the same order of magnitude, the signal amplitude observed with a 
nuclear induction spectrometer cannot be calculated from the transition 
probability alone. However relative signal amplitudes obtained with an in- 
duction spectrometer are found to be in good agreement with the equations 
given in Section 4 of the preceding paper. 
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A GENERALIZED VARIATIONAL PRINCIPLE FOR 
TRANSPORT PHENOMENA! 


G. E. TAUBER 


ABSTRACT 


A generalized variational principle has been formulated which takes the 
phonon distribution functions and the external magnetic field into account, is 
valid for an arbitrary direction of the electric field and polarization of the lattice 
vibrations, and does not depend on any special form of the energy surfaces. The 
various transport coefficients, for both thermoelectric and thermomagnetic 
phenomena, are obtained by the Ritz method in terms of infinite determinants 
without requiring an explicit solution of the transport equations. 


I. INTRODUCTION 


For a good understanding of the thermoelectric properties of metals and 
semiconductors the behavior of the transport quantities must be studied 
as a function of temperature, carrier concentration, and other parameters. 
For this purpose it is necessary to set up and solve the Boltzmann transport 
equation, which describes the behavior of the distribution functions. 

Previous calculations (Wilson 1954) have assumed that the energy— 
momentum dependence can be described by spherical energy surfaces. How- 
ever, it is clear that the actual energy surfaces depart considerably from such a 
simple form and more realistic calculations should be carried out. The diffi- 
culties encountered in deriving an analytic expression for the energy— 
momentum dependence of most substances of interest suggest that one should 
have recourse to results from cyclotron resonance experiments (Dexter et al. 
1954; Lax and Mavroides 1955) to get an empirical relation. Once this has 
been obtained it can be used in the Boltzmann equation. 

The ordinary electron theory of metals (and semiconductors) gives the 
first approximation for the electrical conductivity, thermal conductivity, and 
thermoelectric power. Comparison with experimental results (Ooijen 1957) 
shows that the simple theory is unable to explain the data. Apart from the 
simplified energy-momentum dependence mentioned above the theory does 
not consider the effect of the departure of the lattice distribution function 
from its equilibrium value, although it has been realized for a long time that a 
non-equilibrium lattice distribution function will lead to a lattice heat current, 
and hence to a lattice component of the thermal conductivity. Even some 
calculations (ter Haar and Neaves 1955) which take the deviation of the 
lattice distribution function into account are not satisfactory, as they do not 
satisfy the Kelvin relations (Sondheimer 1956) for that problem. It is clear 
that, in order to obtain self-consistent results, it is essential to treat the mutual 
scattering of electrons and lattice vibrations in a fully symmetrical fashion, 
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and this consideration must be used as a guide in solving the simultaneous 
equations for the distribution functions. Recently Hanna and Sondheimer 
(1957) have given a solution of the transport equations valid at low and high 
temperatures which take those symmetry requirements into account. 

It has been shown (Kohler 1948, 1949) that the Boltzmann equation for the 
particle distribution function is equivalent to a variational principle, which 
preserves the inherent symmetry properties. An application of the Ritz 
method enables one then to obtain a series solution for the distribution 
function and the transport coefficients in terms of infinite determinants, which 
can be evaluated to any required degree of accuracy (Sondheimer 1950). If 
deviations from equilibrium of the phonon distribution functions are also taken 
into account, this results in a system of coupled integral equations, for which a 
variational approach was suggested by Ziman (1956). Recently, Dorn (1957) 
obtained a variational principle for this case and applied it to include the 
effect of longitudinal polarized vibrations for spherical energy surfaces. 

In the presence of an external magnetic field the above theory has to be 
modified. The Boltzmann equation for the particle distribution function 
acquires an extra term, which represents the effect of the ‘‘magnetic scattering.” 
The solution of the transport equation depends on the direction of the mag- 
netic field and can be separated into two conjugate sets corresponding to the 
direction of the field. With the symmetry property of the magnetic scattering 
operator under reversal of the field taken into account, it is still possible to 
obtain the Kelvin relations (Kohler 1941) for that case. Although the magnetic 
field does not contribute to the entropy production (Ziman 1956) it is possible 
to formulate a variational principle for the carrier distribution function 
(Moliner and Simons 1957) which leads to the correct transport equation. 

In this paper we start with the Boltzmann equations for particle and 
lattice distribution functions in an external magnetic field and show how a 
generalized variational principle can be found, which is valid for an arbitrary 
direction of the electric field and polarization of the lattice vibrations, and 
does not depend on any special form of the energy surface. The various 
transport coefficients, for both thermoelectric and thermomagnetic phenomena, 
are then obtained by the Ritz method in terms of infinite determinants without 
an explicit solution of the transport equations being required. 


II. BOLTZMANN EQUATIONS 
In the presence of lattice vibrations there are two transport equations, one 
for the particle distribution function f(k), and one for the lattice distribution 
function (q) respectively, which are given by 


(1) af] (a veves+ (e/R)(E+* v X H)-Vef, 
an p On 
(2) an | = 7 —s ‘WE oT’ 


where Vv and u are the velocities of the carrier and lattice waves respectively. 
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V, and Vy denote the gradients in configuration and k-space, E and H the 
electric and magnetic fields, and T the temperature. 

It is convenient to define two functions AK) and .#(q) which measure 
the deviations of f(k) and mn(q) from their respective equilibrium values 


fo and mo, 


ai he ofo 
(3) f to = de ’ 
‘ f Ono hy 
= a Sa. ee, Y = oe 
(4) ee a kT 
which are given by* 
“ es 1 
(5) fo = [l+expB(e-S), B= a5 
(6) no = (expy—1)™, 


¢ being the Fermi energy and ¢ the energy of the carrier (in state k). 

If we neglect higher powers than the first of the functions ./ and Y, the 
Boltzmann equations (1) and (2) may be expressed as linear integral operator 
equations 


(7) X = Ly(2)+LiN)+L(2), 

(8) VY = Li(2)+Li(%), 

where the functions X and Y are abbreviations forf 

we afal cap (‘.) « =) 

(9) xX V4 de eE,+7 ax? \T +7 5x! ’ 
) Friese oT dng 

a0) eae ax* aT’ 


and the integral operators L,(1 = 1 to 4) are given by 


(11) Li(Z) = Bff[2Z(k)- Zk’) (A+Z)dk’ da, 
(12) LAN) = BSf[V(QA-N(a)Zlak' da, 
(13) Li(Z) = Bff( Pk) -A(k’)|Zadk' dq, 

(14) LUN) = B/fM(q)Zdk’ dk. 


BP, and Y, denote the probabilities of absorption or emission of a lattice 
quantum (Ziman 1956). (For emission of a lattice quantum q we must have 
k —k’ = k+4q, while for absorption k — k’ = k—q.)f 

The operators L;, satisfy the following symmetry relations (Sondheimer 
1956): 
(15) fF (k)L\(A)dk = {G(k) LF )dk, 





*For semiconductors (5) is to be replaced by the Maxwell—Boltzmann distribution function. 
tHere and in the following expressions a repeated index implies summation over that index. 
{Neglecting Umklapp processes (Ziman 1954). 
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(16) SF (k)Lx(A)dk = f[F(q)Ls(F Jaq, 
(17) SF (q)Li(Y)dq = [9(q)La(F Jaq. 


The magnetic field is taken into account through the differential operator 
L’ defined by 


17Qy — £ Oo eles 
(18) L'(2) = = (v XH)-Ve 2 


The operator L’ is not symmetric, but satisfies the relation (Moliner and 
Simons 1957) 


(19) JFL (A)dk = —[GL'(F )dk 
and on reversal of the magnetic field H (Meixner 1941; Kohler 1941), 
(20) JFL. (A)dk = [GL (F )dk, 


where L,’ and L_’ denote the operator L’ with +H and —H respectively in 
the expression (15). From (17) it is seen that the solution of the transport 
equations depends on the direction of the magnetic field, and following Kohler 
(1941) the solutions of the transport equations (7) and (8) may be divided 
into two conjugate sets, characterized by superscripts + and — according 
to the direction of the field. 

The form of the equations (7) and (8) suggests the separation of the quan- 


tities X¥ and Y (9) and (10) into 


ay 5)|-s Afo (2 a) 
' | ves 2,( "eae AT er 


Ono {1 oT 
% r = — : ~ 
(22) } " T or (. 2) 7 


which will be important for the study of the transport coefficients. If we also 
in a similar fashion by writing 


te 
— 
YS 
. 
rs 
ll 


separate the distribution functions 2 and , { 


oo 1 a7) 
9. pt Ki = oe 
(23) . | eeet7 2(4 ‘) |e +(5 T ax* ve 
and 
“es eee =) 
| ett ax! (5) a yt Bi 


the operator equations (7) and (8) will split up into a system of four equations 


ll 


II 


(24) 


af ina 
(25) Xi, = 0% = = L1(oi*)+L2(d,)+L4'(¢;"), 
(26) Vii = 0 = L3(@i)+La(a,), 

fy ce 
(27) Xo, = ve! = LW) +La(udt+Li'(vi ) 


0 


_ On 


(28) sy = i ar = L alWi ")+La(u), 
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together with the corresponding ones for a magnetic field in the opposite 
direction, which are obtained from equations (25) to (28) on changing all + 
into — quantities. It is seen that they form a set of coupled integral equations, 
or rather two sets of two coupled equations each, similar in form to the original 
set (7) and (8). A generalized variational principle for their solution will be 
discussed in the next section. 


III. GENERALIZED VARIATIONAL PRINCIPLE 


The solution of the system of equations (25) to (28) can be obtained by a 
variational principle. For that purpose it is necessary to find a function F 
which is an extremal, and whose variation 6F = 0 yields the Boltzmann 
equations. Moreover, we would like it to be positive definite to show that it 
corresponds to a minimum. 

For compactness of notation, let us introduce the notation* 


(29) (F*, G*), = f[F*(k)L.(G*)dk, i=1,2,...,6 
(30) (F*,X) = f[F*(k)Xdk, 


where L; (and LZ.) denote L,’ and L_’ respectively. (Instead of (29) and (30) 

one could equally well define the conjugate expressions obtained by inter- 

changing + and — throughout with the corresponding interchange of L; and 

L..) From the symmetry relation (20) one obtains with the notation of (30) 
(F-,G*), = (Gt, F-)s, 

#1) (F-,G*)s = (G"*, F)s, 

in addition to the previous relations (15) to (17) which do not involve the 

magnetic field and are thus invariant under interchange of + and — of these 


functions. 
Consider now the linear combination of the type (29) which can be formed: 


(32) (A,~, F,*: G,, G\ = € F,- ’ Fq*) +(. F.-, G)ot+(”A, Fq*)s 
+(A, G) +3(A, Fat) .+4(A*, FA; )s, 


where .Y; and YF; are as yet arbitrary functions. From equations (15) to (17) 
and (31) it follows that (32) is symmetric on interchange of the indices 1 and 
2 with corresponding interchange of + and —, ie., 


(33) (F,-, Fi*; G,%) = (F*, Fy“; GG). 
Furthermore, on setting 1 equal to 2, (32) reduces to 
(34) (F-,F*;G9) = (FFF, It GF*)s 

H(Y G)Ah(F -, J F*) s+} (F ¥ "ike 


The first four terms do not involve the magnetic field, and hence it is 
immaterial whether we use the + or — sign in the functions .A With the 


*In the case of L3; and L4, dk must be replaced by dq in accordance with (16) and (17). 
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help of the symmetry relations (15) to (17) and the form of the operators L, 
(¢ = 1 to 4) (11 to 14), it can be shown (Dorn 1957; Ziman 1956) that those 
terms are positive definite. Furthermore, on setting 4+ =F ~, the last two 
terms in (34) disappear on account of (19) and (20). 

Let 2+ and ./ be two functions satisfying the integral equations (7) and 
(8), 2~ and _# the ones obtained on reversing the direction of H. Then, on 
forming the scalar product (30), one obtains the following subsidiary conditions 


(2X) = (2D )A(Fy Nat (Fi 2s, 
(AY) = (4 2*)st4 Ne 


This suggests that we should choose as our variational function F the linear 


(35) 


combination 
(36) F = (2, 2D; N, N)AMD,X) +H ¥), 


where \ and uw are two Lagrangian multipliers. Independent variation with 
respect to the functions 4 and _/ then yields the equations 


(37) (627, BZ): 46D, NV) 2+ 3 (5D, Dt)st+3(FZ*, FZ )ot (5D, X) =0, 
(38) (2; 6. f Jot (6. lV, D)s+(6. ie V)s+¢. V6. f )atu (6. l, Y)=0, 


which are satisfied by the equations (7) and (8) on setting \ = uw = —1 and 
making use of the various symmetry relations. 

This result can then also be applied to the system of equations (25) to (28) 
and their conjugate ones by replacing G+ by ¢;* or y+ and _ by \,; or py. 
The appropriate variational functions are given by 


(39) Fis = (O45 05°35 Na Ay)— (Gry Hy) — As 1) 
and 
(40) Gi; = (vi, vs Mi, My) (vi, X24) — (wis Y25). 


IV. GENERAL FORMULATION OF TRANSPORT PHENOMENA 
The various transport coefficients (Wilson 1954) can be obtained from the 
general expressions for the electric current density J and heat current density 
W (consisting of the electronic heat current and the lattice heat current). 


The former is given by 


x ah SES tthe we 0 
any Jam =e) osm = (ge) for? Soe 


while the latter has the form 


: 1 . ] . 
(42) W i= (<1) oitk-+(-4,) | Uu ihvgn dq. 


With the help of the expressions for the distributions functions (23) and (24) 
these become 


a he Oe )] in tat 
(43) J; — Ai; E eter (tb +4; T ax! 


and 
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7 uy 0 ¢ a, Lor 
(44) wi =~ | ewer gah) 9 $35, 
respectively, where we have defined the energy integrals 


. aa _ 
(45) 8x°4$9H) = fod ak = (67, m0, 
(46) 82°.4%,{?(H) = fous 2 fo ae = (5, x1); 

m i _ ofo 7 
(47) 82° #;,'° (H) = fo ViEds 9 ak fur, ar 74 = (5 , X21) + (Ay, Y21), 


(48) °H, i) (H) = fe ot; fo ~ ak— fu Tu; one dq -_ (yy, X21) + (uy, Y2i)- 


It is seen that those energy integrals are just the subsidiary conditions obtained 
from (35) on inserting the proper functions into those expressions. The .#/’s 
defined above are not independent, but satisfy the Kelvin relations (Kohler 
1941) 

(49) 43°(H) = %;1?(-H); 43? (H) = 4 (-H); 45° (H) = 44° (-H). 
The proof of (49) can be carried out with the help of the symmetry relations 
(15) to (17) and (31) in a manner analogous to that used by Sondheimer 


(1956) in the absence of the magnetic field. 
g 
From the fact that the electric current density J; can be written as 


(50) Ji = oF, 
we deduce from (41) that the conductivity tensor o;; is given by 
(51) Ci = ca; . 


If we denote the reciprocal tensor of .#,") by A then the electrical re- 
sistivity pi; is given by 


(52) py = a tS. 


Equations (43) and (44) can be solved for the electric field and the heat current 
density (Meixner 1941) 


bs ae. ee 
(53) E; = pisJ; ij ax? e ax! ’ 
(54) gt cies at oy, 


where S;; is the tensor of the Seebeck coefficient, II;; that of the Peltier co- 
efficient, and «;; the heat conductivity tensor. Comparison of (53) and (54) 
with (43) and (44) yields for these tensors (Kohler 1941) 


(55) TSis = Sout. Page. 
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(56) ly; = Sout KH, 


” y/ (A) (3) 7) (2) 
(57) Tkiy = Hip —-Aa Ayr Ly’, 


where 6;; = lift =j,and = Oif7 #7. 

Moreover, from the Kelvin relations, (49), one sees readily that the following 

relations hold amongst the various transport coefficients: 

(58) pi(H) = ps:(—H); TSi; = —T,.(—H); «:,(H) = ky:(—H). 

If one separates the above tensors into their symmetric and antisymmetric 
parts, one finds that the symmetric parts of these tensors are even functions 
of the magnetic field, while their antisymmetric parts are odd functions of the 
field. 

The expressions for the various transport quantities, (51), (52), (55), (56), 
and (57), are quite general and do not depend on any particular model used. 
Their value depends only on the energy integrals, which we shall evaluate 
by the Ritz method in the following section. 


V. SOLUTION OF THE VARIATIONAL PRINCIPLE 
The generalized variational principle can be solved by an application of the 
Ritz method (Kohler 1948, 1949a; Sondheimer 1950) to the variational 
functions F,; (39) and G,; (40). For this purpose we expand the functions 
¢;+ and y+ as an infinite power series in the energy ¢ (or in x = e—{, which 
is the more convenient). 


(59) oe” = -> ae» 5p ™ yi = > uy ‘bh if 


where the superscript (”) denotes the order of the approximation, k, are the 
components of k, and a,, and 6,; as yet undetermined coefficients. In general, 
these coefficients are different for the various directions j7 (Kohler 19490), but 
a simplification may be achieved by assuming that they are independent of 
j, in accordance with the fact that the function 2 may be written as (Wilson 
1954) 


(60) 2k) = ke(e). 

Similarly, the functions \; and yu; may be expanded in infinite power series in 
Y = hv,/kT, 

(61) \™ = = oi Y * Ui, u® = «= IPG y 8 


s=0 


As there are three independent directions of the lattice waves in general, it 
is not permissible to omit the index j from the quantities c,;, and d,,* (j = 
for longitudinal and 7 = 2, 3 for transverse waves). The coefficients a, }, c, 
and d are then to be determined by the Ritz variational method subject to the 
subsidiary conditions. 


*The treatment of Dorn (1957) considers only longitudinal polarization of the lattice waves 
(cf. also Hanna and Sondheimer 1957). 
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With the help of the expansions (54) and (61) the functions to be maximized 
can be written as* 


(62) (bs 1 Oy'3 Aw Ay) = De lari Ges fret Qare CosBrsbericashis 


T,3= 


(63) (Wi, vy, Kis 7) = - [bp bys f2+2b,4 ds jgh2+d,d, shy], 


rT, s=0 
where the coefficients 
fres Bray ltr 
are given by 
rij Tr c F s gat 
= (x ki, x Ry) it (x ki, x Ry)s = Sry 
. ij j s 
(64) rs = (x'hi, Gouy)e = (YUy, x°hj)s, 
hrs = (Yu Y'u5)4 = his. 
The subsidiary conditions can also be transformed into linear equations 
and yield 


n n 
(bs, X19) = Dy areas’ = DO [ar ass "fritaes Cos8rals 
Tr, s=0 rT, s=0 
(65) = ij = + ij mt, 
: (Ai, Viz) = = CH s °o= =. [CriQs; SratCriCashral, 
r,s=0 rT, s=0 
” sa s ea : 
(vi, X23) iad = by 7 = > [bec Bes Frat Ors Gebers ’ 
bd r, s=0 rT, s=0 
(66) n ; n 
(ui, Y2y) = - d, 6,’ = : [d, ibs; gr2+d, id, ,h}i], 
7, s=0 T, 8=0 


where the coefficients a!/, BY, etc., are given by 

ey. s 8\. Wf 8 
(67) as = (Ri, X15X ); 73 = (us, V1GH ie 
O04 td an ea ij Bs 

= (Ri, X24X )s 6s = (ui, yojF ). 
The complete variational functions F,; and G,,; are then obtained by combining 
(62) with (65) and (63) with (66), where the Lagrangian multipliers \ and yu 
are again eliminated with the help of the subsidiary conditions (Dorn 1957), 
resulting in the following system of linear equations for these unknowns 


D> (tas +ec.;)—ay’ = 0, 


s==0) 

Dd (grass +hiicss)—y7’ = 0, 
(68) io 

Dd (fribss +eridsj)— BY = 0, 


7 (g12b,;' +hrid,;)—5,’ = 0. 


*For brevity’s sake we omit in these and all following expressions the superscript (n) 
indicating the order of the approximation. 
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The transport coefficients can now be obtained explicitly according to an 
elegant method due to Enskog (1917). Let D denote the determinant obtained 
from the matrix 


( ij e:) 
5¢ = ass ze 
” Dm Nee ae) 


where f‘/, etc., are the coefficients in the system of equations (68) and ordered 
according to ieanasiie values of ry and s. Furthermore, let Dayss be the 
determinant obtained from D by bordering it with a line consisting of ay 
and a column of 86, where again the coefficients have been ordered according 
to increasing r and s. 

In the last section we have seen that all thermoelectric and thermomagnetic 
coefficients can be expressed in terms of the energy integrals .%;. Thus it is 
only necessary to obtain expressions for these integrals to calculate the 
transport coefficients without the need of solving the systems of equations 
(68) explicitly. With the help of the defining equations (45) to (48) and the 
expansions (59) and (61) we obtain for these integrals, 


(70) nr #,(H) = 2X (a,, a,’ +¢,;¥7') = —Dayay/D, 
(71) 8° #,° (H) = >> (b,; a) +d,,5’) = —Dgsa,/D, 
(72) #5? (H) = 2» (ar, By +c,;7’) = —Dayss/D, 
(73) 89%) (H) = >) (6,; 8 +d,5)’) = —Dasss/D. 


r 


The determinants D, etc., are infinite determinants and can therefore not 
be evaluated exactly. However, the solution can be carried out to any desired 
degree of approximation by taking any specified number of rows and columns. 
To evaluate the different determinants the coefficients f,,, etc., must be cal- 
culated, for which purpose it is necessary to make definite assumptions about 
the form of the interaction and energy dependence. This will be the subject 
of a subsequent paper. In this note we have been interested in obtaining only 
the most general expressions for the thermoelectric coefficients which can now 
be obtained from the appropriate expressions (51) for the electrical con- 
ductivity, (55) for the Seebeck coefficient, and (57) for the thermal con- 
ductivity on substituting the expressions (70) to (73) for the energy integrals. 


In conclusion I wish to thank Dr. N. Fuschillo, Dr. F. Donahoe, and Dr 
H. Amar for their interest and helpful discussion. 
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THE TEXTURE OF ZINC AND CADMIUM FILMS DEPOSITED 
ON FRESH CLEAVAGE FACES OF MICA! 


V. R. Guru Moorti AND M. K. GHARPUREY 


ABSTRACT 


Zinc and cadmium films condensed from vapor in vacuo on the two sides of 
mica cleavage exhibit well-matched textures in the corresponding regions on the 
two sides. In those cases where the deposition is due to the Frenkel mechanism 
of homogeneous nucleation, there is similarity in the gross features alone. On the 
other hand, when the condensation is due to the presence of “‘active’’ centers 
of nucleation on the mica surface, there is generally a ‘‘one-to-one’’ corre- 
spondence between the crystallites on the two faces. 


INTRODUCTION 


The effect of the nature of the substrate on the texture of zinc and cadmium 
films condensed from vapor in vacuo has been reported in recent communi- 
cations (Déo and Gharpurey 1956, 1957). 

In the case of plastic substrates (e.g., collodion, formvar) it was found 
that uniform deposition of the metal did not take place unless the vapor beam 
flux density exceeded a certain critical value. Contaminants on the surface 
caused a non-uniform or uneven deposit texture due to local variations in the 
critical flux density. 

On the other hand, thin precoats such as of silver, copper, aluminum, etc., 
acted as ‘‘sensitizers’’ subsequently resulting in an even deposition of zinc or 
cadmium, each precoat metal crystallite acting as a nucleating center (Guru 
Moorti and Gharpurey 1958). 

It was further found that this nucleating ability was lost in the particular 
case of aluminum, if the precoat was exposed to air, even for a short while, 
between the aluminum deposition and the zinc or cadmium deposition (Déo 
and Gharpurey 1957). 

It would therefore be interesting to see how far the deposit texture, sen- 
sitive as it is to the nature of the substrate, is similar on two “identical” 
substrates, say, the two sides of a cleavage face of mica. 


EXPERIMENTAL 


Two different varieties of mica were chosen for the vapor deposition of 
zinc and cadmium. One of these (from Rajasthan, India) was colored and 
contained many streaks, etc.; this will be called the ‘‘tinted’’ mica, while the 
other was the best Australian variety which was transparent and uniform— 
the ‘‘clear’”’ mica. 

Pairs of fresh cleavage faces of one variety were kept alongside each other in 
a vacuum chamber (vacuum better than 10-* mm Hg) for the deposition of 
zinc or cadmium from a tungsten filament. The heating of the filament was 


1Manuscript received July 14, 1958. 
Contribution from the National Chemical Laboratory, Poona 8, India. 
Can, J. Phys. Vol. 36 (1958) 
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controlled by a “‘variac’’ transformer and the evaporation was discontinued 
as soon as a visible deposit was obtained on the mica pieces. The deposits 
were then examined under a medium power optical microscope in transmitted 
light. 

RESULTS AND DISCUSSION 
(t) Deposits on the Tinted Mica 

Deposition of zinc and cadmium occurred on the mica at fairly low vapor 
beam flux densities, and further the deposit on the surface was not uniform 
all over. Nevertheless, the unevenness of the deposit on the two sides was quite 
symmetrical, one being the mirror image of the other (Fig. 1). 

It was also seen that (i) the texture of the deposit on the mica generally 
changed suddenly only on crossing a cleavage step; (ii) the textures at the 
corresponding places on the two faces were similar; and (iii) on those regions 
where discrete crystallites could be seen to have developed, each crystallite 
generally had one on the other face developed at the corresponding place 
(Figs. 2 and 3). 

The condensation of the Zn deposit at low flux densities, together with the 
‘“‘one-to-one’’ correspondence of the deposit crystallites on the two faces, 
indicates that in this case the deposition was mainly due to the presence of 
“active centers” of nucleation rather than due to the Frenkel mechanism of 
homogeneous nucleation through the formation of “atom pairs’ (Frenkel 
1923). 


(it) Deposits on the Clear Mica 

In the case of condensation on to clear mica, the deposits were more uniform 
as seen by the naked eye. Again, non-uniformities of the deposit were, in 
general, well matched on the two sides. Figures 4 and 5 show cadmium 
deposited on the two sides of a cleavage face. The gross features of deposit 
density, as reproduced by the two, show distinct similarities. On the other hand, 
there is not much of “one-to-one” correspondence between the individual 


crystallites. 
The texture is in some way similar to that obtained on a grease-contaminated 


plastic surface, and can be interpreted in terms of local differences in the nature 
of the substrate surface leading to different critical flux densities and thus 
to different deposition densities (Déo and Gharpurey 1956, 1957). The lack 
of similarity on a microscale, on the other hand, indicates that, in this case, 
the condensation may be due to the Frenkel mechanism of homogeneous 
nucleation, the varying deposit crystallite number densities from place to 
place indicating different average lifetimes of the metal atoms on the surface 
of the mica. It is particularly interesting to note that, in this case, the regions 


Fic. 1: 1.7; Figs. 2 and 3: K225; Figs. 4 and 5: 850; Figs. 6 and 7: 140. 
Fic. 8: X210; Figs. 9 and 10: K210; Fig. 11: 140. 
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of dense deposition have no relation with the cleavage steps, some of which 
in fact go across these deposit regions. 

In one trial, on a small area of each side of the cleavage, some of the deposit 
crystallites were large and ‘‘dumb-bell shaped”’ (Figs. 6 and 7). The orientation 
of all the ‘‘dumb-bells”’ over a smooth region was the same indicating epitaxial 
growth of the deposit crystallites; while on crossing some of the steps, the 
new orientation was related to the older one through 60° rotation about the 
normal to the substrate surface. If the two sides of the mica cleavage are 
imagined to be held face to face, the orientations over a particular region are 
again related through a 60° rotation. 

On examining the crystal structure of mica, and especially the pseudo-sixfold 
symmetry around the potassium ions on looking down the cleavage face, 
this particular crystal habit of zinc may be explained by assuming the growth 
of the zinc crystallites to be much retarded over four out of the six sextants 
because of the layers of atoms underneath the cleavage layer. 

It may again be noticed in this case that there is no ‘‘one-to-one”’ corre- 
spondence between the metal crystallites on the two sides. A dense growth of 
such large crystallites on both sides of a blank region at a cleavage step is 
also noticeable. 

In one case where the cadmium deposit was a little heavy, Y-shaped gaps 
were seen in the deposit (Fig. 8). From the fact that these gaps are oriented 
it may safely be concluded that these are regions where three epitaxially 
oriented hexagonal crystallites are meeting. 

Another point of interest in the case of heavier deposits is the presence of 
“pinholes” in the deposits along the cleavage steps and elsewhere. These rows 
of holes along a cleavage step on one side of course had their counterparts on 
the other side also. Still there was no ‘‘one-to-one’’ correspondence between 
the holes themselves (Figs. 9 and 10). 

In some trials it was found that the deposit was uniform all over except in 
the region of the step where there was no deposit (Fig. 11); such a phenomenon 
has been found to occur in the case of Zn deposits on stearic acid crystals and 
also on long-chain n-paraffin crystals (Guru Moorti and Gharpurey 1957). 


CONCLUSION 

The texture of Zn and Cd films condensed on a pair of freshly cleaved faces 
of mica is influenced to a considerable extent by the nature of the substrate 
surface and is well matched on the two sides. The general gross texture is 
usually uniform over the smooth regions bounded by cleavage steps, but may 
be quite different in adjoining regions of a cleavage step. This latter feature 
was found to be much more marked in the case of the ‘‘tinted”’ mica, indicating 
a predominant influence on the deposit texture of zinc and cadmium on mica 
due to surface impurities. It can also be concluded that in the case of the 
“‘tinted”’ samples, the deposit was nucleated mainly by the active centers on 
the substrate surface so that, in general, a ‘‘one-to-one’’ correspondence 
existed between the deposit crystallites on the two sides, which was not the 
case in respect of the ‘‘clear’’ samples. 
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ON THE RATE OF CONVERGENCE OF THE 
SPHERICAL-HARMONICS METHOD IN THE MILNE PROBLEM! 


B. Davison 


ABSTRACT 


The extrapolated end point, zo, and the ratio of current to flux at the free 
surface, j(0)/p(0), for the Milne problem are evaluated by the spherical- 
harmonics method in the Py approximation, N being odd. It is shown that, for 
N large, the approximations to these quantities are related to the exact v alues by 


(A) Zon = 29—2°C/48N?+O0{(2+1)/N%} +O[N (51/52 fi(e)], 
(B) [¥1(0) /¥o(0) Iw = [7(0) /o(0) {1+ O[($1/F2)* fal) }}, 


in which c is the number of secondaries per collision, f;(c) and fs(c) are inde- 
pendent of N, and ¢, and {2 are the absolutely lesser and greater roots of 


$3—-25-+e2 = 0, 


« being the exact inverse diffusion length. The relation (A) is subject to the 
restrictions 
N>c ife > 1, 
N(fi/f)*K1 ife <1. 


1, INTRODUCTION 


In an earlier paper (Davison 1958) the author examined the rate of con- 
vergence, with increasing order of approximation, of the spherical-harmonics 
approximation to the neutron distribution in an infinite slab reactor whose 
lattice pitch is small compared to the total mean free paths of the materials 
involved. The more usual field of application of this method of approximation 
is not, however, to such problems in which the rate of convergence was indeed 
expected to be rather poor, but to systems in which the characteristic 
dimensions are comparable to or larger than the total mean free paths. For 
such systems the information relating to rate of convergence is limited to a 
few sets of numerical tests (Marshak 1947; Mark 1957), none going beyond 
the P; approximation. Such tests are certainly more useful than a formal 
convergence investigation in assessing the initial rate of convergence, but 
give no information about the ultimate rate, as a formal investigation can. 

To make such an investigation with any generality would be very difficult. 
There is, however, a particular problem in which, given the spherical-harmonics 
approximation to the diffusion length, the remainder of the calculations can 
be carried out analytically, allowing the evaluation of the error as a function 
of the order of approximation. It is hoped that this particular investigation 
will serve as a guide in assessing the rate of convergence to be expected in 
other problems. The particular problem is the calculation of certain charac- 
teristics of the neutron distribution in the “‘Milne problem", the problem 


'Manuse ript received July 17, 1058. 
{Contribution from the Computation Centre, McLennan Laboratory, University of Toronto, 
Toronto, Ontario, in association with Atomic Energy of Canada Limited, Chalk River, Ontario. 
Issued as A.E.C.L. No, 672. 
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of finding the neutron distribution in a source-free isotropically scattering 
medium occupying an infinite half space and bounded by a free surface. The 
characteristics considered are the extrapolated end point, the distance. beyond 
the free surface at which the asymptotic flux within the medium extrapolates 
to zero, and the ratio of current to flux at the free surface. 

Two forms of boundary conditions at a free surface have been used with the 
spherical-harmonics method, Mark’s (or “black body’’) boundary conditions 
and Marshak’s. We use the former. With these it turns out that if, in the Py 
approximation (NV being an odd integer), the extrapolated end point, current 
to flux ratio, and diffusion length are, respectively, /20,7, [¥:(0)/Wo(0)]y, and 
1/xy, while /zo, 7(0)/p(0), and //« are their exact values, then 


(1.1) Z0,n = Zo—1c/48N?+O[( + 1)/N*]+O[N(S1/F2)" fl), 
(1.2) ky = K+O[(S1/f2)* fo(c)], 
(1.3) [¥1(0) /Po(O)]w = («/xx)[7(0)/r(0)], 


= [7(0)/p(0)] {1 +O[(51/f2)* fa(c)]}. 


Here / is the total mean free path, c the mean number of secondaries per 
collision, f1, f2, and f; are functions of ¢ only, and ¢; and ¢ are the absolutely 
smaller and larger roots of 


(1.4) ?—2+K = 0, 

x being the solution of 

(1.5) 1 = (c/2k)log{(1+x«)/(1—x)]. 
It should be noted that (1.1) is valid provided 


(1.6) N>c te> 4 
or 
(1.7) N(|f1/f2|)¥ K 1 ife <1. 


If, however, c is nearly unity |{1/f2| is small and (1.7) is then satisfied for all N. 
The condition (1.7) is thus restrictive only when c is very small when |f1/¢o| 
is nearly unity. 

The assessment of the rate of convergence for the current to flux ratio is 
somewhat easier than for the extrapolated end point. The latter quantity 
being, however, rather more useful in applications, we examine first the rate 
of convergence of the spherical harmonics approximation to it. In Section 2 
we recapitulate, for the reader’s convenience, the main formulae of the 
spherical-harmonics method in the case of plane symmetry. In Section 3 
we obtain the expression for zo0,y, the Py approximation to 2. In Section 4 
we evaluate the difference between 2o,y and 2) when JN is large. The other 
test quantity [¥:(0)/Wo(0)]y is treated in Section 5. 

As is usual we take the total mean free path, /, of the medium as the unit of 
length. 
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2. THE BASIC FORMULAE OF THE SPHERICAL-HARMONICS METHOD 
FOR PLANE SYMMETRY 


In the Py approximation of the spherical-harmonics method, assuming 
plane symmetry, the neutron distribution in space and angle, ¥(x, u), in a 
source-free medium is expressed as (Davison 1957) 


(2.1) W(x, w) = (1/4) Do (2n-+1) vax) Pa(u) 
with 

+(N+1)/2 
(2.2) Yn(x) = », A,G,(v;) exp(v;x). 


Here x is the Cartesian co-ordinate and yu the cosine of the angle between the 
x-axis and the neutron velocity, all neutrons having the same speed. The 
functions G,(v) are defined by 


23) Gyle) = (—1Palt/»)=(e/m)| $ tog” Pyc1/»)—@uc0/) | 


P,, and Q, being the Legendre polynomial and Legendre function of the second 
kind. The A,’s are the constants of integration and the v,’s the roots of 


(2.4) Gy+ilv) = 0. 

These come in pairs vy = vj and vy = —», and v, ¥ »; if 1 ¥ 7 provided c ¥ 1. 
We number them thus 

(2.5) vj = —Vyy Vier > Vv,” 


and adopt the convention 
(2.6) sign v; = sign] for v;? > 0. 


For j> 2 the v; are real and greater than unity* but » is real and less than 
unity, zero, or imaginary according asc < 1, c = 1, or ¢ > 1. Thus, far from 
the medium’s boundaries, only the terms with 7 = +1 give important con- 
tributions to the quantities (2.2). Accordingly 


(2.7) A, exp(vix) + A_; exp(v_ix) 
is known as the asymptotic flux or, rather, the spherical-harmonics approxi- 


mation to it. The quantity 1/»,; thus represents the Py approximation to the 
diffusion length, that is 


(2.8) Ky = ¥. 


The constants of integration are to be determined from the boundary 
conditions. At the free surface the Mark boundary conditions, which we use, 
require the vanishing of the number of neutrons travelling inwards in directions 


*In (Davison 1957) a weaker statement is made. That »; > 1 for 7 > 2 can be proved by 
slightly modifying the argument given there. 
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corresponding to the zeros of Py+:(u). Thus, if the free surface is at x = 0 
with the medium in the half space x > 0, the boundary conditions are 





(2.9) v(0, Mr) —_ 0, 
the yu, being given by 
(2.10) Py+i(ux) = 0, Me > 0. 


There being (V+1)/2 distinct u,, we have that number of boundary conditions 
at the free surface. 
Note now the identity 


m 


(2.11) uo (2n+1)Pr(u)Gr(v) = 
¢/(1+uv) —[Gint1(v) Pm(u) —Gmn(v)Pm+i(u) Jo (m+1)/(1+ur), 


which is easily proved by induction and use of the recurrence relations for 
P,, and Q,. Putting in thism = N, yp = uy, and vy = v;, we have 


DL 2n+1)Pa(un)Galvs) = ¢/(1+m,), 


from which and (2.1), (2.2), and (2.9) we obtain 


+(N+1)/2 


(2.12) > A;/(+m;) =0, forl <k < (N+1)/2, 
jul 
which is an alternative form of Mark’s boundary conditions at the free surface. 


3. THE MILNE PROBLEM AND THE EXTRAPOLATED END POINT IN THE 
Py APPROXIMATION 

3.1. The Milne Problem and Conditions at Infinity 

We consider now the application of the spherical-harmonics method to 
the Milne problem, the determination of the neutron distribution in an 
infinite medium. We have therefore, first, to consider conditions at infinity, 
in addition to the boundary conditions already adopted at the free surface. 
The former should imply that at finite x there are no neutrons which have come 
from infinite x without making collisions on the way. Now the angular dis- 
tribution of neutrons emerging from the free surface, ¥(0, uw) withO <n» <—1, 
can be expressed as (Davison 1957, p. 45) 


(3.1) ¥(0, uw) = (c/42|y|) J p(x) exp(x/p)dx+ 


a contribution from neutrons which have 
come from regions x > a without col- 
lisions in the region x < a. 


Here p(x) is the neutron flux, p(x) = 2nf? w(x, u)dx. This condition requires 
that the integral {. p(x)exp(x/u)dx converge for —1 < yw < 0, which, in 
the spherical-harmonics approximation, is equivalent to 


(3.2) A,=0 for j > 2. 


: 


There are thus only (N+3)/2 non-zero constants of integration. 


r 
‘ 
f 
fi 
i 
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3.2. The Extrapolated End Point in the Py Approximation 

The extrapolated end point is defined as the distance, zo, beyond the free 
surface of the medium at which the asymptotic flux extrapolates to zero. 
According to (2.8) this requires that 


(3.3) A, exp(—vi20,.y) = —A_1 exp(—v_120,y) = B 


say, Z0,y being the Py approximation to zo. Combining this with (2.5), (2.12), 
and (3.2) we get the set of equations 


(3.4) Bexp(vi20,v)/(1+uy71) —B exp(—v120,~) /(1— x71) 
(N+1)/2 


+ X A_,/(1— xv) = 0 


for 1 < k < (N+1)/2. To obtain from these an equation for Zo,y we eliminate 
B and the A_, from them as follows. The yu, being all different, constants 
Cy, 1 < k < (N+1)/2, can be determined to express any polynomial in », 
p(v), of order not exceeding (V—1)/2, in the form 

(N+1)/2 (N4+1)/2 


p(v) = I] (1—vy) = C,/(1—vug). 


j=l k=l 
By multiplying the equations (3.4) by the C,, adding them, and putting, in 


the sum 
(N+1)/2 


pir) = [] (1-»/r)), 


j=2 


we obtain, after a slight rearrangement, 


(3.5) sour = (1/2) log 124 1og es) 
in which 

(N+1)/2 (N+1)/2 
(3.6) no) = 1) TL od / TL 1/0. 


The expression (3.5) for zo,y involves, through the second term in the braces, 
all the roots of (2.4). The evaluation of these roots, other than »;, can, however, 
be avoided by resorting to a contour integration. 

We note first that, from (2.3), Gysi(o) = Py4i1(0) so that, from (2.4) 
and (2.10), 


(N+1)/2 


Gy+i(v) = Py+1(0) Il (1—v,?/v’), 
(3.7) ee 
Py4i(1/v) = Py41(0) IT (1-1/u*»”), 


whence (3.6) gives 


(3.8) h(v)h(—v) = (v°—1)Gy4r(v)/(?—01") Prai(1/r). 
Next we note that log h(v) has singularities at »y = 1, »y = vy with 7 > 2 and 
v = 1/p,, thus all with »v > 1. 
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Consider then the identity, which follows from (3.8), 


9) f ogo f Ae iognt—o = f tog HHT, Geld 
(3.9) J Svc h(t)+ o dap 08 HC t) a log 73 oe Pyas(1/B)’ 


C being a contour which goes from ¢ = —i tot = i leaving all the singu- 
larities of log h(t) on its right and ¢ = »v and all the singularities of log h(—t) 
on its left. In the case of the second integral on the left side of (3.9) C may be 
deformed freely in the half-plane R(t) > 0. By doing so the integral is shown 
to vanish, since log h(—t#) tends to zero at least as fast as 1/t with ¢ tending 
to infinity. In the case of the first integral on the left of (3.9) C can be deformed 
working in the half-plane R(t) < 0, into a small circle around the point ¢ = 
The integral is thus seen to be 27i log h(v). Thus 








of dt yee =1 _Gyiilt) 
(3.10) log h(v) 2; J+ c22 Pyi(l/b)’ 
Substitution of this in (3.5) and use of (2.3) and (2.8) now gives 


(3.11) Zon = 
eae. ee ee cash # ig hte QuasCt/n | 
; log 5 log) 2 5 57 108 hs Pwar(1/t) 


- ° 3 
“kn l—ky 271 cl —Kyn Kn 


in which it will be noted that the contour C leaves both the points t = +xy 


on its left. 


3.3. An Alternative Way of Using the Spherical-Harmonics Method 

We have so far used the spherical-harmonics method in the way usual in 
applications. That is, we have considered the mean number of secondaries 
per collision, c, as given and have obtained a series of approximations, ky, 
to the inverse diffusion length «x. For our present purpose it is, however, more 
convenient to regard the diffusion length as given and to determine a series 
of approximations, cy, to c, each such that the spherical harmonics approxi- 
mation to the diffusion length is equal to the exact value. From (2.3), (2.4), 
and (2.8) these approximations to c are given by 


Cyd, 14K Qnai(l/x)t 
' 2 log 





(3.12) 1 = - 

I—K« Pall /x)$ 
Equation (3.11) then gives the corresponding value of the extrapolated end ; 
point i 
(3.13) Zo n(cy) 


J 1+« J f dt jr Cn I+t , cw Qnai(l i} 
| . 5-5 log 1-3-5] 1 —= log + = 
pe ine Sich 2 oe Bit) Py /ty dS 
= 20.n(c)+ (ey —c)d2y,y(c) /de+O[ (ey - c)’], 


jo 


Zy v(c) being given by (3.11). 
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4. COMPARISON OF THE EXACT AND APPROXIMATE VALUES OF THE 
EXTRAPOLATED END POINTS 
4.1. Preliminary Transformations 
We proceed now to compare the approximation to the extrapolated end 
point, 20,y, with the exact value. The latter is given by (Davison 1957; note 
that //L and it/l there correspond to « and ¢ of this paper) 


oi aa en Eats | - = tt} 
(4.1) 20 = 5, lo gy +5 of -« slog \— l 3 8 1, .* 


the path of integration being as in the previous section, leaving, in particular, 
t = +x on its left. From this and (3.13) we obtain 


(4.2) gon~—Z0 = (c—cy)d20.n/dc+O[(cy—c)”] 


be a 
2at ay eae 





og {1+ Uy(t)+ Vx (t)}, 


in which 
(c—cy)log[(1+t)/(1—2)] 


on Ux) = “9 clogl(1+1)/(—0)) ” 


» yy —_ 2ew Qv4r(1/t)/Pysi(1/t) 
am Vw) = oy clogh(+s)/(1—2)] 


To use (4.2) we have thus first to evaluate cy, in particular for N large. 
According to (1.5) and (3.12) cy is given by 


(4.5) l—c Cn = ¢ Qnai(l k) ‘KP yi, k). 


For ¢ < 1 and ¢ > 1, when «x is respectively real (and less than unity) and 
purely imaginary, we use the asymptotic expressions for Py, and Qy4; and 
obtain in both cases (the details of this derivation are given in the appendix) 


(4.6) Cy—-Cc = OL f(o) (F1 f2)*t8/), 


in which f(c) is a function of ¢ only and ¢; and £2 are the absolutely lesser 
and greater roots of 


(4.7) e—25+.7 = 0 


For c = 1, when « = 0, we obtain, either from (4.6) or directly from (4.5), 
¢y = 1 for all N. 

The evaluation of the error in the spherical-harmonics approximation to 
the extrapolated end point is now reduced to the evaluation of the integral 
in (4.2), in particular of the rate at which it tends to zero with N increasing. 
We note first, however, that (1.2) follows at once from (4.6). 


4.2. Qualitative Discussion of the Integral in (4.2) 
We have first to show that this integral does tend to zero with increasing 
V. To do this we examine U y(t) and Vy(t) with N large and ¢ on the contour C. 
In Uy(t) the factor accompanying ¢—cy is bounded for ¢ on the contour C. 
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Thus Uy(t), with N tending to infinity, tends uniformly to zero on the con- 
tour C. 
Turning now to Vy(t) we note the following facts: 
(a) Unless w is real and —1 < w < 1 the ratio Qy41(w)/Py+:1(w), for fixed 
w, tends to zero as N tends to infinity; also it tends uniformly to zero 
for w outside any ellipse with foci at w = +1 (Hobson 1931). 
(6) Ifwis purely imaginary and N an odd integer the ratio Qy4:1(w)/Py+1(w) 
is bounded for all NV; this follows from (A.10). 

(c) The factor accompanying Qy41(1/t)/Py4:(1/t) in Vy(t) is bounded 

for ¢ on the contour C and tends to zero as ¢ tends to infinity. 

Thus, if we make the contour C approach the points t = +7 along the 
imaginary axis, (b) and (c) show that, for arbitrarily small «, we can find to 
such that |Vy(t)| < ¢ for all ¢ on C outside the circle |t] = to. This ¢o is in- 
dependent of N if NV is an odd integer. With ¢o thus fixed (a) and (c) show that 
we can find N such that | Vy(t)| < ¢ for ¢ on C inside the circle |t]} = to. Thus 
with WN tending to infinity V y(t) also tends uniformly to zero for ¢ on the contour 
C. Thus the integral in (4.2) tends to zero with increasing JN. 

The above discussion also shows that, for N large enough, |Uy(t)|+]|Vy(d)| 
is less than unity for all ¢ on C. Thus we may expand the logarithm in the 
integrand of (4.2) and integrate term by term. After doing so, using (4.6), 
we find e 


(4.8) tessa ee > Vn(c, N) +O[F(c) (1/2), 





f(c) being a function of ¢ only and 


pe wy LoD fF _dt_ $26 Qusr(1/t)/Pwss(1/t)\” 
(49) ¥nl6,N) = “Soin Jo P—@t 2t—clogi(1+0/A—H)) ’ 


which have now to be evaluated. 


4.3. Quantitative Estimate of the Final Integrals 
4.3.1. Purely Scattering Medium, c = 1 

In this case x = 0. We have said that the contour C should pass to the 
right of ¢ = +xy and of t = +k, thus to the right of t = 0 when c = 1. Now 
Py41(1/t) has a pole of order N+1 at t = 0 and Qy+1(1/t) a zero of order N+2. 
Thus their ratio has a zero of order 2N+3 at t = 0, which is thus a regular 
point of the integrand of (4.9). This means, in fact, that, when c = 1, the 
singularities of the integrands of (3.13) and of (4.1) have cancelled on sub- 
traction. Thus in evaluating (4.9) the contour C can be the imaginary axis, 
including the point ¢ = 0. If we put 1/¢ = 7 sinh » and use (A.10) we then 
obtain 


(4.10) ¥,(1,N) = 
ee __exp[=(W+3/2)|n]] J, (0, N)\ 
—4J_.1—x]sinh 9|/2+sinh q tan™ (sinh) cosh{(N+3/2)n] \-* 2N+5) 


b(n, N) being a uniformly bounded function. 
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Now, obviously, with N large the main contribution to the integral in 
(4.10) comes from the region in which 7 is comparable to 1/N. Thus the 
asymptotic expansion of Y,(1, NV) is obtained by expanding all factors in 
the integrand, other than those written explicitly in (A.10), in powers of 7 
and integrating term by term. Bearing in mind that 


J "” exp(—Nn)dn = o(n-*"") 
0 


we obtain 


1) — _1 (® \nlexp[—(V+3/2)|n|]dn 73 
(4.11) Y,(1,N) = is. VAS 2a) TOWN’) 


in which the first term is of order 1/N*. Similarly Y,,(1, VN) = O(1/N™*'). 
After evaluating the integral in (4.11) we combine these results to get 


(4.12) e Y,(1,N) = —2°/48(N+3/2)°+0(1/N’*). 
m=1 


4.3.2. Multiplying Medium, c > 1 
When c #1 the singularities in the integrand of (4.9) at ¢ = +x are 
genuine and are on the imaginary axis if c > 1. The path of integration can 
again be that axis, with detours about the singularities. We proceed then as 
before, note that the main contribution to the integrand comes from values of 
n comparable to 1/N, and, having expanded in powers of n, can integrate 
term by term without detouring the singularities. We thus obtain as before 


(4.13) > Ym(c,N) = —#°c/48(N+3/2)°+0(2/N’) 
m=1 


now subject, however, to the restriction 
(4.14) N>c, 


a restriction which ensures that the second term of the asymptotic expansion 
be small compared to the first, so that the latter will, as desired, give a good 
approximation to the function in question. One might expect, at first sight, 
that the additional restriction 


(4.15) N > || 


should be imposed and that the error in (4.13) should contain the additional 
term O(x°c/N*). However, « being purely imaginary (1.5) can be written as 
lx} = c tan (|x|), so that |x| < cx/2. Thus (4.14) is more restrictive than 
(4.15), which is thus superfluous. Also O(x*c/N*) can be incorporated into 
O(c?/N*) and thus, in view of (4.14), into O(c?/N%). 

The condition (4.14) is not, of course, restrictive if c is the actual number of 
secondaries per collision in a physical medium, since it may be regarded as 
satisfied with N = 3. It may, however, be an important restriction if ¢ is 
treated as a parameter in an eigenvalue problem and the higher eigenvalues 





are sought. 
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4.3.8. Capturing Medium, c < 1 
The poles of the integrand of (4.9) now lie on the real axis, so that the 
contour C can now be deformed into the imaginary axis and a circle about 
the point t = x. The Y,,(c, N) thus now consist of contributions from these 
two parts of C 
(4.16) Yin(c, N) = Yua(c, N)+ Yus(c, N). 


The first terms in these are evaluated as before and their sum is the right 
side of (4.12). To evaluate the second terms we express c in the integrand of 
(4.9) as a function of x by (1.5), use (A.1), (A.2), and (A.3) and put 1/t = coshé’. 
The method of residues now gives 

m cosh’ 


(4.17) Y,..(c,N) = — pa 


£ j __ fear at ’ m ,... &-¢ 5s 
x | oa expl (2N+3)m#’|sinhé’cosh cosh"é’ —cosh"é 





ampiniiammiell 
coshé’log coth(¢’/2) —cosh é log coth (€/2) f fat 
When JV is large the largest contribution to this clearly comes from the m-fold 
differentiation of the factor exp[— (2N+3)mé’]. Thus 

s x”cosh™*! & m™"~'(2N+3)"exp[— (2N+3)mé] 
(4.18) Ymo(c, N) = — m!2 [cotht—sinhé log coth(¢/2)]" * 


Now cosht exp(—3é)/[cotht—sinhé log coth(é/2)] is bounded for all real 
positive ¢. Thus 





(4.19) Ynp(c, N) = O{coshé[A N exp(—2N#)]"}, 
A being a constant. If, then, N exp(—2N¢) < 1, that is, if 
(4.20) N(51/f2)* “1, 


(4.19) shows that the main contribution to ae Yn p(c, N) comes from 
Y,,(c, N), which is of order O[N(¢1/f2)%coshé]. Bearing in mind that coshé 
is a function of c only, we thus have 


Z0,n = 2o—7'c/48N?+O0[(2+1)/N3]+0[N(o1/f2)* filo], 
which is (1.1), subject to the restriction (4.20), which is (1.7), when c < 1 or 
to the restriction (4.14), which is (1.6), when ¢ > 1. 
5. THE RATIO OF CURRENT TO FLUX AT THE FREE SURFACE 
Finally we consider the other characteristic of the Milne problem, the ratio 
of current to flux at the free surface. The exact value of this quantity is 
(Davison 1957, p. 77) 


(5.1) j(0)/p(0) = —V(1—c)/k, 


while in the Py spherical-harmonics approximation this quantity is 


[¥1(0) /YoO) |y. 
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From (2.3) 


(5.2) ne 
Gi(v) = (c—1)/, 
which substituted, together with (3.2) and (3.3), into (2.2) give 


(N+1)/2 


(5.3) [Wo(0)]v = 2 B sinh(v:20,v)+ 2» A_y 


( (N+1)/2 
(4) Waly = (C-1){™ cosh(rito)— A-yfoy 


j=2 
Now 
(N+1)/2 (N+1)/2 (N+1)/2 (N+1)/2 
(5.5) pov) = I] Me I] (1—v/v,)— I] (1/5) I] (1—vur), 


(N+1)/2 (N+1) /2 


(5.6) pi) = (1/»)y TT G-»/)— TT itn) 


are polynomials of order (V—1)/2 so that we can use them as we used p(v) 
in obtaining (3.5) from (3.4). Using po(v) and (5.3) we get 


(N+1)/2 (N+1)/2 
(5.7) [¥o(0) |v = B exp(v120,n) I] (v;+71) IT be/(1+rimux), 


while, by using instead p,(v) and (5.4), 
N 


; acl (N+1)/2 (N+1)/2 
(5.8) [¥i(0) |v = h B exp (v1Z0,n) I] (1+71/v;) I] (1+) 


so that 
(N+1)/2 
(5.9) [¥i(0)/Yo(O)]w = (c—1)/n I] V jij. 
= 


Now the limit of the ratio of the two formulae (3.7) as » tends to zero is 


(N+1)/2 


lim Gy41(v)/Pyyi(1/v) = I] Vy My, 
v=() j=l 


(5.10) =1-¢ 
by (2.3). This combined with (5.9) gives finally 
(5.11) [¥1(0)/Yo0) wy = —V(c—1)/kw 


from which and (5.1) the first form of (1.3) follows, while the second follows 
from (4.6) and 

Ky—k = (Cy—c)dx(c)/de+O[(cey —c)’}. 
We note that if c = 1, when x = © and ¢;/f2 = 0, the second form of (1.3) 
becomes 


(5.12) [yi(0) Wo(0) | = 7(0) ‘p(0) for c=1. 


This particular case has previously been noted by Mark (1957). 
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When c < 1 our result can be expressed in an alternative form. For then, 
when x is large the only important contribution to y,(x) arises from the 
terms involving exp(v.x). Thus from (5.2) 

[iC )/o( > )Iw = (C—1)/ky, 
while for the exact solution 
j(@)/p(e) = (c—1)/k. 
From these 


(5.13) | #0) Hole) _ 50) p(o) 


WO hime ee). eet 


APPENDIX 


We give here the derivation of (4.6) from (4.5). Consider first the case 
¢ > 1 when 1/x > 1, x being real. Put then 


(A.1) 1/x = cosh é 


with ~ real. For N a large odd integer we have the asymptotic expansions 
(Hobson 1931) 


__1____exp[(V+3/2)|é|) 
VI(N+1)7] V(2sinhé) 


(A.3) Qyas(cosh £) ~ / a. sel ual {1+0(1/N)}. 


These substituted into (4.6) give 
(A.4) cy—c = f(c)exp[—(2N+3)]|é|]{1+001/N)}+0[(cw—c)?], 


f(c) being a function of ¢ only. 
When c > 1 and « purely imaginary we put 


(A.5) 1/x = isinhy 





(A.2) Pyis(cosh £) ~ {1+0(1/N)}, 


with 7 real. We now use the expansions (Hobson 1931) 


_ 2 PW+42) Scos{(N+3/2)5— 1/4] 
(A.6)  Pyss(cos 8) = 7 nayt5/2) ts (2 sind) 








1 cos[(N+5/2)5—32/4] \ 
T3(N+5) (2 sins)*”” ass fo 
2 T(N+2) Scos[(N+3/2)5+ 7/4] 
(A.7) Quas(cos 8) = Vx Dwvaey | (2 sind) 


___1_cosl(W+5/2)8+3x/4] \ 
2(2N+5) (2 sins)*” rs 


which converge for |2siné| > 1. Oy4:(cosé) and Qy4:(cosé) are related by 


(A.8) Ov+i(cosé) = {Qy41(cos6+70) +Q0n41(cosd — 10) } /2, 


(A.9) Qu+i(cosd) = Ov41(cosd) F (wi/2) Pv+i(cosé), 
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the upper sign being taken when cosé is in the upper half plane, and vice versa. 
If we put, in (A.6) and (A.7), 6 = 2/2—iy with 7 real we obtain 
Qwi(t sinh 7) 11 sj exp[— (V+3/2)|n|] _ 


(A100) 5 ams) 5 cea 


x {tay b(n, N vf 


where b(n, N) is bounded if both 7 is real and N a positive odd integer. 
Approximating cosh[(NV+3/2)n| by exp[(V+3/2)|n ]/2, (4.5) now gives 


(A.11)  ¢y—e = f(c)exp[—(2N+3)|n,]{1+0(1/N)} +Oley—c)?]. 
(A.4) and (A.11) can easily be combined into a single formula. For, if we 
put ¢ = x exp(é), (A.1) becomes 
(A.12) ?—2¢-+e = 0. 
The ratio of lesser to the greater root of this is 
o1/f2 = exp(—2lé}). 
Thus (A.4) becomes (4.6) 
(A.13) Cx—e = Off (c)($1/S2)**9”]. 


Similarly, if we put ¢ = ix exp(m) in (A.5) it also becomes (A.12) and the 
ratio of the moduli of its lesser and greater roots is exp(—2|n|). Thus (A.11) 
also becomes (A.13). 
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THE SPECTRUM AND STRUCTURE OF THE HNO MOLECULE! 


F. W. DALBy? 


ABSTRACT 


The absorption spectrum of HNO in the region 6500-7700 A has been photo- 
graphed on a 35-ft grating. The observed spectrum consists of three bands: an 
intense one at the long-wavelength end of the spectrum and two weaker bands 
towards shorter wavelengths. All the bands have extensive rotational structure 
of the perpendicular type. The spectrum was observed after the flash photolysis 
of nitromethane, nitroethane, isoamyl nitrite, and mixtures of nitric oxide and 
ammonia. The “lifetime’’ of the HNO was about 1/10 second under our 
experimental conditions. The spectrum of DNO has also been photographed. 
From the constants obtained from the rotational analysis the molecular geometry 
has been determined. For the lower electronic state 


rig = 1.2116 A, rv = 1.062,A, and ZHNO = 108.5, . 
For the upper electronic state 
reo = 1.241, A, ron = 1.036) A, and ZHNO = 116.2, 


The most probable identification of the observed electronic transition is 
14” —14’, 


A. INTRODUCTION 


The molecule HNO has long been postulated as an intermediary in various 
photochemical and free-radical reactions. In particular, Harteck (1933) has 
demonstrated that hydrogen atoms react with nitric oxide to produce a yellow 
deposit of the formula (HNO), which is stable at low temperatures. Taylor 
and Tanford (1944) have studied the kinetics of the mercury-sensitized reaction 
between hydrogen and nitric oxide and proposed a mechanism based on HNO 
radicals. The HNO molecule has been also postulated as one of the primary 
products in the photochemical decomposition of nitromethane and nitroethane 
(Hirschlaff and Norrish 1936), and various nitrites (Purkis and Thompson 
1936). 

However, to date there has been no unambiguous evidence for the existence 
of free HNO, and its structure and many of its physical and chemical properties 
were unknown.* 

The work to be reported here was initiated in the hope of explaining certain 
puzzling observations of Herzberg (1955) and Herzberg and Ramsay (1955) 
connected with the spectrum of DCO. On a few of their plates, in addition to 
the simple progression of DCO bands, a second group of more complex bands, 


‘Manuscript received June 19, 1958. 

Contribution from the Division of Pure Physics, National Research Council, Ottawa, 
Canada. 

Issued as N.R.C. No. 4861. 

2National Research Council Postdoctorate Fellow, 1955-57; now with the Du Pont Radiation 
Physics Laboratory, Wilmington, Delaware. 

’The results discussed in this paper were presented at the conference on free radicals at 
Quebec in September 1956. More recently Robinson and McCarty (1958) have obtained the 
spectrum of HNO in an argon matrix at 4° K. 
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a strong one at 7550 A, and a weaker one at 7200 A, was found. A rotational 
analysis of the stronger complex band showed that it had no state in common 
with the simple DCO band. The analogous complex ‘‘HCO” bands were 
never observed and after the initial work even the 7550 A band of ‘‘DCO” 
could not be reproduced. These results led to the suspicion that the complex 
spectrum might be due to an impurity. 

By proceeding under the assumption that the group of complex bands was 
due to the DNO molecule, rather than to DCO, we have been able to reproduce 
the 7550 and 7200 A bands and also the corresponding HNO bands. It is 
known (Herzberg and Ramsay 1952) that upon photolysis NH; decomposed 
to form hydrogen atoms and NH: radicals, and from Harteck’s work one 
would expect HNO to be formed if NO is present. This experiment has been 
tried and the HNO spectrum indeed found. The same band system has been 
observed after the flash photolysis of nitromethane, nitroethane, and isoamyl 
nitrite. (The observations of Herzberg and Ramsay are probably due to a 
deutero nitroethane impurity in some of the acetaldehyde used to produce 
the DCO molecules.) 

This paper gives a detailed report on the spectrum of HNO together with 
a few remarks on some of its chemical properties. 


B. EXPERIMENTAL 

1. The Flash Apparatus 

The flash photolysis apparatus used in this work was similar to that de- 
scribed by Ramsay (1957). The reaction cell was a quartz tube 50cm in 
length and 5 cm in diameter fitted with a White mirror system (White 1942; 
Bernstein and Herzberg 1948) in order to increase the length of the absorbing 
path. The mirrors were silvered, and then covered with SiO to protect their 
surfaces. Normally an absorbing path length of 12 meters was used, corre- 
sponding to 24 traversals of the cell. Four quartz flash lamps, each 1.5 cm 
in diameter, 50cm long, and filled with xenon to 4cm Hg, were flashed 
simultaneously to cause the photolysis. Each lamp dissipated about 1500 
joules (33 uf at 10,000 volts) in about 40 microseconds. Two methods of 
supplying the continuous background for the absorption spectrum were 
used. The first method employed a xenon flash lamp through which a 2-uf 
condenser charged to 10,000 volts was discharged. The flash duration was 
about 20 microseconds. The time delay between the photolysis flash and the 
continuum flash was controlled electronically. All the early work was done 
with this 20-microsecond continuum lamp. However, after it had been estab- 
lished that the ‘‘lifetime’’ of the HNO molecule was relatively long (about 
60-100 milliseconds), a second type of continuum lamp was found more 
convenient. Commercial photoflash bulbs (No. 22, flash duration about 25 
milliseconds), triggered from the time delay, were used for all final plates. 
With these bulbs, exposures of about 6 flashes on a 21-ft grating spectrograph 
and about 70 flashes on a 35-ft grating spectrograph provided an excellent 
continuum above about 6000 A. The xenon 20-microsecond continuum flash 
was found to be 10 to 15 times less intense. 
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2. Preparation and ‘‘Lifetime’”’ of HNO 

A few qualitative observations on the chemistry of the HNO molecule 
were made in order to ascertain the best condition for the observation of its 
spectrum. For this work the xenon flash lamp was used to produce the source 
continuum. A 21-ft grating spectrograph with a cylindrical lens mounted in 
front of the plate holder was used to record the spectrum. The cylindrical 
lens, by concentrating the light into a narrow band, makes possible a reduction 
in exposure time by a factor of about fifteen. However, as this technique 
leads to spectra of inferior quality it was not used for the plates on which 
the final rotational analysis was based. 

The strongest HNO absorption was observed by using a mixture containing 
about 4 cm partial pressure of ammonia and 4 cm of nitric oxide. Under these 
conditions the pressure in the reaction cell increased by about 1 cm Hg after 
one photolysis flash. With mixtures containing about 2cm partial pressure 
of ammonia and 2cm of nitric oxide, about three photolysis flashes were 
necessary to increase the pressure in the cell by 1 mm, and the strength of 
the absorption was appreciably reduced. Photolysis of the nitric oxide - 
ammonia mixtures led to rapid deterioration in the reflectivity of the mirrors, 
especially at the higher pressures, and was therefore not a convenient pro- 
cedure. 

The HNO absorption has also been observed during the flash photolysis 
of nitromethane, nitroethane, and isoamyl nitrite. It should be emphasized 
that these observations do not prove that HNO is one of the primary pro- 
ducts of the photolytic decomposition but rather show only that HNO is 
formed within 40 microseconds from the start of the photolysis flash, when 
the pressure of the parent compound is of the order of 0.5 cm. The strongest 
HNO absorption among this group of parent compounds was found for 
nitromethane at a pressure of 1.8 cm, and all final plates were taken under 
these conditions. The DNO plates were obtained with fully deuterated 
nitromethane. 

The “‘lifetime’’ of HNO in the reaction cell was estimated by comparing 
the intensities of the absorption spectrum after various delays between the 
photolysis flash and the ‘‘continuum”’ flash. For the photolysis of a mixture 
of 2 cm partial pressures of nitric oxide and of ammonia no significant differ- 
ence in the intensity of the absorption spectrum was found between delays 
of 60 microseconds and 20 milliseconds. The spectrum was much weaker but 
still observable after a delay of 200 milliseconds. This ‘‘lifetime’’ of between 
20 and 200 milliseconds (about a factor of 1000 greater than that of NHg or 
HCO under similar conditions) made possible the use of the more intense 
commercial photoflash bulbs of longer flash duration to supply the con- 
tinuum. The “‘lifetime”’ of the HNO molecule produced by the flash photolysis 
of nitromethane at about 1.8cm pressure was the same as found in the 
ammonia — nitric oxide mixture. 


3. Procedure 
All the final plates were taken by flash-photolyzing nitromethane at 1.8 
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cm Hg. The strongest band of HNO and all the DNO bands were photographed 
in the first order of a 35-ft grating spectrograph. A resolution limit of some- 
what less than 0.1 cm~ was achieved. The two weaker bands of HNO were 
photographed in the second order of a 21-ft grating spectrograph. Eastman 
Kodak 1-F and hypersensitized 1-N plates were used. A neon-filled iron 
hollow cathode tube was used to provide calibration wavelengths and the 
plates were reduced in the usual way using the M.I.T. Wavelength Tables 
(Harrison 1939), and the Edlén (1953) formula for the dispersion of air. The 
frequencies of the observed lines are given in the first six tables. 

The K” = 5 subband of HNO is relatively free of overlapping. For this 
subband the average deviation between the observed and calculated com- 
bination differences is 0.004,cm~!. The relative error in wave numbers for 
single lines of reasonable intensity is therefore thought to be better than 
+0.01 cm. The wave numbers of the atmospheric oxygen lines on our plates 
agree to within 0.03 cm™ with the very accurate results of Babcock and 
Herzberg (1948) and indicate the accuracy of our work. 


C. THEORY 


The observed bands, in most respects, resemble the perpendicular bands of 
a prolate symmetric top. Such bands could arise from an electronic transition 
of an HNO molecule which is nonlinear in both the upper and lower electronic 
states. A summary of the theory used in the rotational analysis of such spectra 
is presented in this section. More extensive discussions can be found in the 
books of Herzberg (1945), and of Townes and Schawlow (1955). 

For a near-prolate top (A > B = C), each rotational level is specified by 
J the value of the total angular momentum, K, = K the absolute value of the 
angular momentum along the symmetry axis for the limiting prolate top, and 
K, the corresponding value for the limiting oblate top. Both J and K (but 
not K,) have the status of ‘good’? quantum numbers. The rotational energy 
levels of a rigid near-prolate top can be conveniently expressed as a power 
series in the asymmetry parameter e, defined by 





The expression for the energy is 
(1) F(Jx.x.) = BJ(J+1)+(A—B)K* 
+(A—B)4K DY cone"+I(T+1) SS crre"+I7(J+1)? DS core"+ ... \ 
n=2 n=1 n=2 

The coefficients Con, Cin, etc., which are functions of K and K,, have been 
tabulated by Polo (1957). The term in braces in (1) represents the effects of 
asymmetry. For the K = 1 levels, which are degenerate in the symmetric 
top approximation, the splitting arising from asymmetry is given to first 
approximation by }(B—C)J(J+1). For levels of higher K the splitting is very 
much less and proportional to «€*J*(J+1)*. The lower level of the doublet 
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will occasionally be referred to by F,(J) and the upper level by F,(/J). A 
correction for centrifugal distortion of the form —D,J(J+1)—DysxJ(J+1) 
K*?—D,xK*+H,K*® must be added to expression (1). 

The appropriate selection rules for the transitions discussed in this paper 
are those of a perpendicular-type band: 


(2) AJ = 0, +1, AK = +1. 


For transitions between levels for which the splitting due to asymmetry is 
observable, an additional selection rule is required which depends upon the 
direction of the transition moment. A detailed examination of the rotational 
structure of the HNO spectrum shows that the so-called C-type selection 
rules are obeyed and therefore the transition moment is perpendicular to the 
plane of the molecule. This selection rule may be expressed as 


(3) ee > 08, 00 > €0, 


where the e and the o refer to the evenness or oddness of the two K quantum 
numbers, e.g., a level for which K = 1 and K, = 0 would be designated by 
oe. Only transitions allowed by both selection rules (2) and (3) have been 
observed. 
D. ROTATIONAL ANALYSIS 

‘Three absorption bands of very similar rotational structure were observed 
for both the HNO and the DNO molecules. Many of the important features 
of this structure are made apparent in Fig. 1, which is a reproduction of the 
most intense HNO band. At the higher-frequency end of the spectrum, the 
subbands, corresponding to changes of the K quantum number, are well 
separated from each other and have a relatively simple J fine structure. To- 
wards the other end of the band the subbands overlap and the J structure 
appears more complicated. In the second figure, two of the subbands from 
the higher frequency end of the spectrum are reproduced to show typical J 
fine structure. Each of these subbands has a strong R branch, corresponding 
to AJ = +1, a strong Q branch, corresponding to AJ = 0, and a weaker P 
branch, corresponding to AJ = —1. The J numbering in each subband, and 
the K numbering of the subband, are easily determined by considering the 
number of missing lines in the branches. For example, since for the subband 
K' = 4<— kK" = 3 the lowest J level for the upper state is J = 4, the first 
lines will be P(5), O(4), and R(3). The splitting of the Q(14) and Q(17) lines 
in this subband arises from a perturbation which will be discussed later. For 


» TI? 
PLATE | 
Fic. J. The most intense absorption band of HNO. The spectrogram was obtained in the 
first order of a 35-ft grating spectrograph with a dispersion of 0.6 A/mm. The emission lines 
(white lines) superimposed along the top of the spectrum are iron and neon lines used for 
wavelength calibration. 


PLATE I] 
Fig. 2. Representative HNO subbands. These spectrograms are enlargements of portions of 
the spectrogram shown as Fig. 1. The K’ = 3«<— K” = 2 subband shows the characteristic 


asymmetry splitting. The splitting of the Q(14) and Q(17) lines of the K’ = 4«<— KK” = 38 
subband arises from a perturbation. 
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VACUUM WAVE NUMBERS AND ASSIGNMENTS FOR THE (0, 0, 1) —(0, 0,0) BAND ofr HNO 








K' =1-K” =0 





Z QOS) 
0 
1 14158.11 
2 57.66 
3 57.15 
4 56.34 
5 55.32 
6 54.09 
7 52.72 
8 51.14 
49.40 
10 47.47 
ll 45.34 
12 43 .06 
13 40.56 
14 37.94 
15 35.25 
16 32.20 
17 29.14 
18 25.94 
19 22.48 
20 
21 





K' =0-K" =1 
QJ) 


14117.37 


16.87 
16.22 
15.52 
14.71 
13.76 
12.74 
11.59 
10.27 
08.89 


05.80 
04.04 
02.14 
00.24 


14098 .04 


95.79 
93.40 


R(J) 


14127 .36 
30.65 


33.06 
33.98 


VACUUM WAVE NUMBERS AND ASSIGNMENTS FOR THE (0, 0,0)-(0,0,0) BAND oF DNO 





K’ = 12-—K” = 11 


K’ = 11-K” = 10 


K’' = 10—K” =9 





J RV) QV) R(J) 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 13543 .561 
10 13519 .309 44.243 
11 13635 .719 17.543 44.773 
12 36.050 15.596 45.100 
13 36.210 13. 45.304 
14 ll. 
15 08. 
16 06. 44.927 
17 35.196 03. 44.475 
18 00. 43 .860 
19 33.680 13497. 43.100 
20 94. 42.149 
21 91. 41.047 
22 39.775 
23 38.340 
24 36.741 
25 35.005 
26 33 .033* 


*Blended lines. 
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TABLE IV (Continued) 
VACUUM WAVE NUMBERS AND ASSIGNMENTS FOR THE (0, 0, 0) -(0,0,0) BAND or DNO 








K’ = 8—K" =7 K' =7-K" =6 


R(J) P(J) OV) RV) P(J) OV) 


13407. 

13452 .176 13390 .906 09 

13497 .561 13432.714 53.194 89.671 10 

98.402 31.296 -052 88.249 BE. 

106 99 .093 29.747 54.752 86.690 11. 

2.359 99 .623 28.044 55.296 84.979 12. 

.476 99.999 26.146 55.686 83 .093 12. 

A117 13500. 209 24.096 55.932 81.062 12, 
.193 21.898 78.876 
-821 19.554 .523 
-294 : 17 .027 74.011 
587 ; 14.339 71.352 
11.507 54. 68.502 
745 i 08 .503 53. .508 
.544 97. 05.341 53. 363 
.212 = 02.012 51. .044 
724 ; 13398. 541 : .520 
0 94.892 49. .918 
5.233 . 91.073 F .173 
4.120 
978 


me 
oo 


& 


2 
2 
9° 


1 
2 
3 
4 
5 


nN & 


tS bw t te 
Sona 


*Blended lines, 





1349 


“Sou Pepurtd. 























ObL Sg 8z 
ZL6° LG lz 
490° 09 92 
OL8'%2% ZL9 2 +169 £9 198° £9 996 19 9 
£bO'ZE SEL 8Z 29° FZ FIP FZ 929°249 19% 29 £69 LORI $28 90 6% 
«886° 28 6PL'SE ZEL Ee Z1Z'9% 990° 9% IG IL GLE IL £999 OT &z 
+*062°16 4908 68 «688° 68 262° LE BoC Lz €22'SL FZ SL G08 FI 2% 
#86816 #£ZL Sb OL It 978 F6L 09% £6 GOL 8L 108° LI 1% 
#966 £6 +062 ° 26 tO 9b ISB bh £22 6611 £90 ° 28 221 12 0z 
#b98' $6 «Sh6 £6 Z81' 6h £62 °8F t62°S90 806° 40 19% °¢8 QLZ 4% 61 
*#F8o'C6 «bS8 $6 GLI°ZG «11g 1¢ «bZO°1L x08F OI 0LZ 88 O&%' Lt $LZ Lz st 
«b89 96 «000° SS Zo’ Fg aZ1L' SI VZ1° 16 001 OF LI 
8 299° LG #098 2¢ OFL 1% #LLL° 0% #228 £6 «GOR ZE ot 
5 9L1' 09 96° 6¢ 0£6°SZ = GIL SZ She 96 662 oF GI 
@ #929 Z9 ZL9' B6ZET 919 LE oI 
3 219° 96 ZOL #9 «686 FE «908 ZE 198 00 OZ IL OFL IL G28 6E et 
S OF 96 6Z2°99 «688° 68 £99 ZE 168° ZO OB IL 6R It at 
° 910°96 209° 89 98F EF ISl 2 292° +0 09 6L 820° 12 SOL Et It 
Zz Ebr sé 628 OL LOS Lt 28S 1E LLb°90 ¢ E8ZET O1g OL OZF St or 
= ZL F6 88°12 gfe 1¢ £FS OF ¢Z0' 80 #82 69 266 OF 6 
> 228 £6 G8Z° EL *000' S¢ 86 6Z 924 60 $26 ' 89 #LE St 8 
= 062 26 SIS’ PL gee sc 906° 8Z 969° O1 198° 29 #29 6F L 
< 689° 16 £69 SZ % eel it Lg9° 99 10L Oceel 9 
a ZES' 06 629 92 Zt c9zeEl 9% C99 ZIEEI £62 S9Eel s 
ZIL'88 $62 LLZE1 ZEB FZEET t 
80° L8ZE1 £ 
0 
(na (NO (Nd (Ny (No (Nd (Ny (No (fd f 

€=,4-b =. ¥=,N—-¢ = .M ¢c=,M-9 =.M 








ONG 40 anva (0 ‘0 ‘0)-—(0‘0 ‘0) AHL YOA SLNAWNOISSY GNV SHAAWAN AAVM WANDVA 
(panunyuod) AI ATAVL 






CANADIAN JOURNAL OF PHYSICS. VOL. 36, 1958 








9IZET 


920° 1¢ Z81° +9 
982° 0S 089° 90 #9E°89 
860° 2S Sct 6F 60° 20 lab SL 
O&I' 2z 888° 6¢ 299° 8F 22S" LO Z8e°92 
SEs" Sz *£29°Z9 889° LE *610°80 €L1°08 
626° £% 00z°¢9 #8S OF 16¢°80 9€8° €8 
9EE ZS 982° 49 £68 Sb OIS SF IZ1° 60 9FE' 28 
LLL°0Z *91Z°OL 819° 8F 868° FF 811° 60 629° 06 
P6161 16S°ZL #69 1¢ PL et Oe OT 8¢8° £6 
St9' LT S88" FL #99 '#S *826° IF #L0°11 68°96 
*960°9T 080° 22 682° 2S #089 ' OF SEL Il 8E9 661ET 
*FS FI 8S1°6L 608° 09 #688" 6 10F ZI ZtZ ZO 
LL6°Z1 SZ1' 18 ZL8'€9 *Z9L° LE €2e' 08 Zz0 1 €F9' +0 
OFE IT 9t6'Z8 St6°99 102° 98 890° 08 899° EI €t8° 90 
#02°60 Zt9 8 ZF6 69 #29 FE 689° 6Z Coz FI ZZ8 80 
610°80 LLI98 988° ZL 0S6' Ze £10° 6Z 982° FI 809° OI 
822° 90 Ito" 28 898 °SL 9121 68% 8Z 882° SI LS1°Z1 
SSF FO FEL'S8 8EL° 82 9B’ 6% 09% 2z SIL ST FIC’ €1 
99¢°Z0 0¢2° 68 €bL 18 FOS" LZ 080° 92 *960' 91 «GES FI 
P19 O0ZET 299° 06 L61' #8 ges cz 129° $2 Z8e° 91 g1¢ SI 
«S£9 86 641° 16 OG2° 981EI 06 €Z% ZHO £Z 0Z9'9IZEL «960 
£68 '96 S6S° I6TEL QE IZZEL LIS 1ZZET 
OFL F6IEI 
(Ny (NO (Nd (na (No 
0= ./N-l=M 1=,N-3=M 





IZh Ie 
898 9 
hl Sb 
PIS’ Lb 
0&2 ZS 
Lt6° 2S 
0&0 £9 
+620 ° 89 


«(SL 98 Teg" 22 
; #8028 


Zt8 36 Lt 98 


FLL °S6 #629 06 
#SE9 S6IEL 99° 6 
ors’ 10 FES S6IEL 
022° F0ZET 02L0°20 
90% SO 
*16¢ 8081 


(Nd 


otI ¢9 


c68° 
o19 


£9l' $9 
26¢°€9 


166° 29 


#809 


681° 
elo 


£08 '8¢ 





#862" 
6eL° 
Le6" 
0&6" 
669° 


826 


oes" 
‘09 





9 
*Y 


L0L 
ce0'09 ¢fs8 


ove 2g 


688° ¢¢ 


912° t¢ 


06 


ONGC sO aNnva (0 ‘0 ‘0) — (0 ‘0 ‘0) AHL YOA SLNAWNDISSV GNV SYAAWOAN 





(panurjuoy) Al ATAVL 








SF 
o¢ 
og 
t¢ 
9¢ 
s¢ 


6¢ 


19 


“eo 


“69 


oy 


69 


69 


19 


09 


6¢ 


9°8¢ 


egcEl 














£99 ° 00 
OFS £0 
#82290 
000°60 €99°26 
199° IL Ob L61EL 
c FI #020 20 
P98 9T 8h 90 
‘61 809 OI 
“1S «bo 1 
LLL°tG 326 81 
OFF 96 LED 16 
409°8% 008 6 
0L9°0& GEL Lz 
829 ZE «ELE 
€9F £08" 
102 ¢86° 
col LE SE6 
eel 
661° 6E 89g 
O8¢ OF 912’ OF 
692 1b Sco lh 
6LL°Zb Sol oF 
989° Et 
LbP br 


620 SiZer 


AAVM WONOVA 


‘saul] papuetds 





9% 
SZ 
GB 
£% 
3% 
1% 
02 
61 
st 
ZI 
9T 
SI 
tI 
eI 
eI 
Il 
ol 


matin or Oo a 


onn 


| 
| 
| 





DALBY: HNO MOLECULE 


TABLE IV (Concluded) 
VACUUM WAVE NUMBERS AND ASSIGNMENTS FOR THE (0, 0, 0) — (0, 0,0) BAND or DNO 





1351 





K’ = 0-K"” =1 


K’ = 3-—K” =4 














K’ = 4-K”" =5 


J PY) QV) RV) P(J) QV) RV) PJ) QV) RJ) 
0 
1 13170.924 13175.354 
2 70.778 77 .080* 
3 70.528 78 .738* 
4 70.216 80.173* 13124.030 13133 .211 
5 69.824 81.309 20.970 32.411 13117 .052 
6 69.328 82.209 17.809 31.500 13.880 13127.553 
7 68.746 82 .946* 14.465 30.431 10.536 26.498 
8 68.079 83.318 10.968 29.245 07 .036 25.282 
9 67 .337 83 .460* 07 .294* 27 .984 03 .395 23.961 
10 66.470 03 .572* 26.345 13099 .550* 22.406 
ll 65.512 13099 . 550* 24.682 95.628 20.737 
12 64.454 95.440 22.876 91.536 18.930 
13 63.283 91.178* 20 .970* 87.272 16.990 
14 61.994 86.765 18.794* 82.858 14.844 
15 60.587 82.204 16.541 78.289 12.560 
16 59.055 77.499 14.114* 73.57 10. 170* 
17 57 .389 72.616 11.540 11.415* 68.709 07 .593* 
18 55.582 67.608 67.529 08.641 63.685 04.784 
19 53.665 62.477 62.320 05.858 05.627 58.499 01.894 
20 51.594 57.164 56.956 2.650 53.167 13098 .843* 
21 49.384 51.652 51.458 13099.800 99.392 47 .686 95 .628* 
22 47 .043 46.127 45.749 42.059 92.258 
23 44.563 40.350 39.890 36.246 88.734 
24 41.989 34.462 33.872 30.289 85 .086 
25 28.399 27.719 24.145 
26 22.207 21.330* 17.903 
27 11.454 
K’' = 5-K”" =6 K’ = 6—K"” =7 K’ = 7-K"” =8 
J P(J) QJ) R(J) P(J) QJ) R(J) P(J) QJ) R(J) 
0 
1 
2 
3 
4 
5 
6 13113.450 = 13127.220 
7 10.170 26.195 13113 .003 
8 06.698 24.899 09 . 593 13127 .770 13115.057 —-:13133.211* 
9 03.045 23.561 05 . 858 26 .345* 11.415 31.885 
10 + 13099.244 22.058 02.085 24.899* 07 .593 30.431* 
11 95 .279* 20.408 13098 .095 23.242 03 .572* 28.714 
12 91.178* 18.591 94.017 21.421 13099 .550* 
13 86.931 16.541* 89.735 19.396 95 .279* 24 .899* 
14 82.519 14.465* 85.355 17.245 90.893 22.758 
15 77.964 12.168 80.777 15.057* 86.286 
16 73.245 09.772 76.066 12. 560* 81.603 
17 68 .383 07 .228 71.200 09.945 76.846 
18 63.347 04.432 66.170 07 .228* 71.690 
19 58.178 01.520 61.004 04.308 66.559 
20 52.857 13098.466 55 .693* 01.242 61.199 
21 47 .383 95 .279* 50.266 13098 .095* 55 .693* 
22 41.744 91.867 44.548 94.682 50.086 
23 35.948 88.383 38.785 44.245 
24 30.009 84.638 32.792 38.345 
25 23.899 80.862 26.753 
26 17.643 25.998 
27 11.241 14.072 





*Blended lines. 
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TABLE V 
VACUUM WAVE NUMBERS AND ASSIGNMENTS FOR THE (0, 1, 0) — (0, 0,0) BAND or DNO 





_K! = 9—K" =8 yi! K’ = 8-K" =7 K' =7-K" =6 
ON) RU) PU) QU) RG) PU) oR) 








14797 .914 

14839 .014 98.896 

14880 .901 39.823 99.702 

81.522 40.408 14777 .842 13800.326 

81.809 40.840 76.001 00.786 

82.150 41.102 74.021 01.084 
71.858 
69.493 
67 .009 
64.264 
80.589 61.339 
17 79.684 58.261 
18 78.656 55.025 
77.501 51.575 
47.905 
21 44.076 
22 40 .066 
23 35.900 


K’ = 4-K" =3 
a 


K' =6-K" =5 K' =5-K" =4 
J PJ) QW) RY) PY) W) 


14684. 
14720.159 14674. 86. 
14758. 126 14708 .026 21.524 73. 87. 
59.318 06.951 22.729 72. 88. 
287 = 60.315 05.601* 23.735 ie 89. 
.825 61.152 04.241 24.578 70. 90. 
.210 61.788 02.633 25.211 ; 91. 
.436 62.266 00.843 25.697 ; 91. 
35.440 62.608 14698 . 861 25.975 64. 91. 
33.308 96.701 
.005 94.369 
.512 91.832* 
89.128 
86.209 
83.119 
79.852 


*Blended lines. 





DALBY: HNO MOLECULE 


TABLE V (Concluded) 
VACUUM WAVE NUMBERS AND ASSIGNMENTS FOR THE (0, 1, 0)—(0,0,0) BAND or DNO 








K' =3-K" =2 K’ = 1-K” =0 K' =0-K” =1 
R(J) PUF) Qt) RU) Pe) As) R(J) 





14651 .472 

14644 .058 53.219 14591. 485 

43.471 54.748 90.559 
42.558 56.146 9.439 13570.715 
41.468 41.528 57.324 3.109 70.108 
40.118 40.339 58.226 58.438 5. 566 69.372 
38.599 38.924 .852 68. 482* 
36.846 37.450 2.944 67.555 
34.877 35.728 30.875 66. 456 
32.657 33.877 . 654 65.255 
30.175 31.849 >. 299 63 .904 
27 .456* 29.711 73.790 62.419 
27 . 456* . 206 60.793 
58 . 482 59 .027 
.603 57 . 162 
.650 55.058 
595 52.832 
475 50. 432 
53.206 47 .880 
45.213 


*Blended lines. 
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the subband K’ = 3< K” = 2 the splitting due to asymmetry becomes just 
observable for J = 8 in the Q branch and increases rapidly. 

The vibrational quantum numbers for HNO will be designated as »,; for 
the N-H stretching vibration, v2 for the NO stretching vibration, and v3 for 
the bending vibration. The three bands observed for both HNO and DNO 
may be designated as (0,0,0)<—(0,0,0), (0,1,0)<—(0,0,0) and 
(0, 0, 1) — (0, 0, 0) and will be occasionally referred to as the 0-0, the ve, and 
the v; bands. The intensity of the latter two bands is much weaker (by a 
factor of 10 to 50) than the 0-0 band. 

The method of determination of the HNO ground state rotational constants 
will be described here in some detail. The procedures used to determine the 
constants for the other states of HNO and all the states of DNO will be dis- 
cussed only where they present special features. 


1. Evaluation of B” 
For each subband, not involving K = 0 levels, one may form the com- 


bination differences 
A, F(J,K) = F(J+1,K)—F(J,K) = R(J)-Q(J+1) = QV) —P(J+1), 


and by examination of the expression for the energy levels (1) deduce that 


AF, KE) _ (Rp _p et) 2 
(4) SU Ei) 7 (B-DsxK*)-2D(J+1)*. 
TABLE VII 
THE EFFECTIVE B anp D VALUES (IN CM~) For HNO DEDUCED FROM A;F PLoTs 








Subband B”—Dj,K? D'(108) B’ —D'}xK? D'(10°) Remarks 


: 1.2708, 3.46 Weak 
5o 1.2731 3.0 Some overlapping 
2;+0.01 1.2769 3.9 
1 2.§ 1.2810? §.1” Some overlapping 
4<+3 1.3585; 1.9 1.2814 2.5 Some overlapping 
1 1 


8-7 1.3538 2. 
7-6 1.35486 2. 
6-5 1.35683+0.0001 3. 
5<—4 1.3580 


3<-2 1.3587 —2.6 . 2820 2.4 Some overlapping 


PThe perturbation of the K’ = 5 state is particularly strong and these constants are very inaccurate. 





TABLE VIII 
THE EFFECTIVE B anpD D VALUES (IN CM~!) FoR DNO DEDUCED FROM A;F PLots 





Subband B” —Dix K? D’’(10°) B'—D)x K? D'(108) Remarks 





2123; 2.02 : 1329 2. ls Weak 

(assumed) 
.2143,+0.0003 1.8.+0.5 .1354+0.0003 2.96+0.5 
2153+0.0003 2.0 +0.5 .1366+0 .0003 2.54+0.5 
.2165+0 .0003 2.0s+0.5 .1385+0 .0003 3.40+0.5 
2171 0.66 . 1395 2.12 Some overlapping 
2185 1.55 1411 2.95 Some overlapping 
. 2182 —1.7, .1415 2.05 Some overlapping 
2185 —6.5 . 1422 1.33 Some overlapping 
.2188 —17.6 . 1426 —0.85 Some overlapping 
.2191 +19.3 . 1434 —4.45 Some overlapping 


_ 


ll «+10 


10-9 
9-8 
8<«+7 
7-6 
6«+-5 
5<4 
4+3 
3<2 
2+-1 


Pt tat pe et tet pet fed ped 
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A plot of A,F(J, K), divided by 2(J+1), against 2(J+1)? gives (B—D),K?) 
and D. Tables VII and VIII give the effective (B—D,K*) and D values 
deduced from such plots for both the HNO and DNO molecules. For those 
subbands for which the asymmetry splitting is observable the mean values 
of doublet lines are used to calculate the combination differences. The Ai F(J, K) 
deduced from the weaker vz and v3; bands and from the more overlapped 
AK = —1 subbands of the 0-0 band are less accurate and are not used in 
this determination. If the P, Q, and R branches of a subband are free of 
overlapping, the procedure outlined above yields accurate rotational con- 
stants. The plot for the K’’ = 5 level of HNO, reproduced as Fig. 3, indicates 
the accuracy attained for such a subband. For most of the subbands employed, 
however, the P branch lines are weak and the R branch lines are somewhat 
overlapped, introducing a systematic error which is difficult to estimate. Only 
those constants free of such uncertainties are used in the determination of 
best values for (B—D,,K?) and D. Tables VII and VIII give all the effective 
B and D values deduced from plots based on (4), but only for those subbands 
that are free of overlapping is an estimate of error included. 


A, F"(J) 
2 (J+!) 


(s+1)? 


Fic. 3. Graphical determination of the effective B’” and D” for the K’ =6<—K” =5 
subband of HNO. The points denoted by + were derived from lines somewhat overlapped. 


By subtracting the wave numbers of corresponding lines in appropriate 
AK = +1 subbands from those in AK = —1 subbands, the following useful 
relation may be found: 


(5) 6= F(J,K+1)—F(J, K-1) = A2F(K) —4DjxJ(J +1) -—C(K, J), 


where 
A.F(K) = F(O,K+1)—F(0, K-1). 


The D x may be obtained from this relation more accurately than from the 
(B—D,,K?) deduced from relation (4). At the same time the A:F(K) needed 
for the evaluation of (A—8) are obtained. The small correction C(K, J), 
which, when added to (5), gives the relation used to determine A,F(K) and 
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4D xK graphically, arises from the effects of asymmetry and may be evaluated 
conveniently from the expressions of Polo (1957). Tables IX to XII give the 
values so obtained for the A,F(K) and the 4D;,K for both upper and lower 
states of the HNO and DNO molecules. From the values of 4D;,K for the 
lower state of HNO one deduces 


Dix = (9.80+0.20)10-° cm’. 


Finally, by combining this value of D;x with the value of B—25D,, given 
in Table VII for the K’’ = 5 subband of HNO (the only HNO subband free 


of overlapping) one obtains 
B” = (1.35933+0.0001) cm-. 

















TABLE IX 
AsF’(K) AND 4D K (IN CM!) FOR THE LOWER STATE OF HNO 
K’ A2F’(K) 4D yx K" CCl, EY 
1 68.41+0.02 0.000405+0.0001 —(3.657)10~5f 2+(1.02)10-f 4 
2 136.61+0.02 0.00080 +0.0001 —(7.48)10~®f ? 
3 204 .38+0.02 0.00112+0.0001 —(4.64,)10~*f? 
4 271.59+0.02 0.00158s+0.0001 +(1.593)10~6f ? 
5 338 .01+0.02 0.00192;+0.0001 +(7.280)10-7f? 
6 403 .586+0.02 0.00244;+0.0001 +(3.986)10~7f ? 
*f = J(J+1). 
TABLE X 


AoF'(K) AND 4D) K (IN CM7!) FOR THE UPPER STATE OF HNO 





























: 
: x A2F(K) 4D yx K' CG, EY 
1 83.24,;+0.02 0.00087 +0.0001 —(1.883,5)10-5f2-+-(2.22)10~4f 4 
2 165.53+0.02 0.00168+0.0001 —(3.853)10~®f 2 
3 246 .13+0.02 0.00262 +0 .0001 —(2.397)10~*f? 
4 324.24P+0.02 0.00293? +0.0001 +(8.562)10~7f? 
5 399 .835+0.02 0.00402; +0. 0001 +(3.914)10-7f? 
6 472.54? +0.02 0.00522? +0 .0001 +(2.14)10-7f? 
7 541.80+0.02 0.00582 +0 .0001 +(1.30)1077f? 
i *f = J(J+1). 
PThese results involve the perturbed K’ = 5 levels. 
| TABLE XI 
| A:F’"(K) AND 4D), K" (1N CM™) FOR THE LOWER STATE OF DNO 
| Eg A2F’'(K) 4D xK" CU, Ey 
3 111.29;+0.02 0.00071,+0.0001 —(1.6623)10~5f *+-(4.95)10-"f 4 
4 148 .07.6+0.02 0.00087 ;+0.0001 +(5.937)10~-§f? +(1.35)10-"f4 
5 184 .57;+0.02 0.00117;+0.0001 +(2.714)10~¢f? 
6 220.71+0.02 0.00138;+0.0001 +(1.484)10~°f? 
7 256.530 .02 0.00178+0 .0002 +(9.05)10~7f 2 





*f = j(J +1). 
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TABLE XII 


A:F'(K) AND 4D‘;x K’' (IN CM™) FOR THE UPPER STATE OF DNO 








C(J, K)* 


—(6.21613)10-5f2+(4.399)10-1F 4 — 
(5.95) 10-17f 6 

+(2.826)10-*f2+(2.48)10-14 

+(1.292)10-6f2+4(5.2)10-"f4 

+(7.064)10-7f2 

+(4.305)10-7f2 

+(2.83)10-7f2 


4D x K' 
0.00048+0.0001 


0.00141+0.0001 
0.001662+0.0001 
0.00200+0.0001 
0.00221,+0.0001 
0.0023 ,+0.0001 


AoF’(K) 
45 .86+0.02 
180.31+0.02 
223 .21+0.02 
264 .86+0.02 


305. 106+0.02 
343 .94+0.02 


*f = J(J+1). 








The effective D is not equal to the distortion constant D; but contains a 
contribution arising from the asymmetry of the molecule (Polo 1957). Thus 
for the K’’ = 5 subband of HNO 


(6) D = D,—1/48e(A —B). 


By using the observed effective D’ = (3.22;+0.01)10-* cm™ and the calcu- 
lated value of 1/48¢(A —B) one obtains 


D'} = (4.057+0.01)107° em™. 


The values of B, D,, and Dj, deduced in this way for both upper and 
lower states of the 0-0 HNO and DNO bands are given in Table XIII. (For 
the upper and lower states of DNO and for the lower state of HNO only 
those subbands free of overlapping were employed in this determination. For 
the upper state of HNO all subbands, except that corresponding to K’ = 5 
for which the perturbation is particularly strong, were employed.) 


TABLE XIII 
ROTATIONAL CONSTANTS (IN CM!) FOR THE 0-0 BANDS OF HNO anp DNO 


HNO state 


DNO state 


Lower Upper Lower 


Constant 


17.1199+0.0004 
1.35933+0.0001 
0.10437+0.0002 
4.48,;+0.02 
6.4,+0.3 
9.8o+0.2 
4.05;+0.01 


A-B 
B 
B—-C 
Dx(10°) 
Hx(10°) 


Dyx(10°) 
D,(10°) 


20.880+0.005 
1.2840;+0.001 
0.0828;+0 .0002 
19.30+0.2 
55.65+5* 
20.63+0.5 
3.53+0.3 


9.3031 +0.0005 


1.2191,+0.0002 

0.1457 s+0.0004 
1.45;+0.02 
0.6,;+0.2 
5.82+0.1 
3.15;+0.3 


*For this state a term in JxK® was found necessary; Jx = (5.26+1)10-§ cm=1. 


2. Evaluation of (A—B) 


Upper 


11.4868+0.0004 
1. 1435,+0.0003 
0.1116,+0.0002 
6.66,+0.03 
9.8s+0.2 
8.22.+0.2 
3.49+0.4 


The following expression, involving the A,F(K), which is easily deduced 
from the expression for the energy (1) was used to determine (4A —B). 


(7) ak) ae 


(A —B) —2(K’?+1)Dg+(K’+3) (8K’+1)Hx. 












1361 





DALBY: HNO MOLECULE 





By plotting the observed A.F(K), divided by 4K against 2(K?+1), one 
obtains a curve whose intercept is (A —B) and whose slope extrapolated back 
to K = 0 is Dx. Hx is determined from the curvature of the curve. Figure 4 
shows the line obtained for the ground state of HNO after elimination of the 
Hx dependence and serves to indicate the accuracy of the procedure. 














20 30 40 50 
2(K*+1) 












Fic. 4. Graphical determination of (A’’—B’) and Dx for the ground state of HNO. In 
this graph 





Z = A2F"(K)/4K —6.4X 10-6 K?+3)(3K?+1)+0.008( K?+1). 


The second term is the Hx term, while the last term is added simply to enlarge the scale of 
the graph. 










The values of (A—B), Dx, and Hx determined in this way for the upper 
and lower states of HNO and DNO are given in Table XIII. 










3. Evaluation of B—C 

It is because (B—C) is finite that the spectrum of HNO exhibits the many 
characteristic features of an asymmetric top. The feature of the HNO spectrum 
most sensitively dependent upon the value of (B—C) is the splitting of the 
K = 1 levels and it is this feature that is used to evaluate (B—C). The pro- 
cedure described here gives (B—C) directly, and is largely independent of the 
values of A and B. 

To a first approximation the two series of K = 1 levels are given by 









(8) rAd) = (8-222) 740), 






Fy(J) = (24+2=£) 1.341) 
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We define the following combination differences for the K = 1 levels 
(9) AiF(J) = F,(J+1)—Fi(J), 
ATF(J) = Fy(J+1)—F,(J). 
These differences may be determined from the experimental frequencies in 
the usual way. For the 2—1 subband, for example, 
ATF(J) = Q.(J)—Po(J+1) = Ra(J)—-Q(J+1), 
ATF(J) = Q(J)—Pa(J+1) = Ro(J)—Q(J+1). 
From (8) and (9) we deduce the following expression for the combination 
defect: 
AtF(J)—AtF(J)-= (B—C)(J+1)’. 
When the complete J-dependence of the K = 1 levels is investigated, in- 
cluding centrifugal stretching, higher-order asymmetry effects, etc., this 
relation is only slightly modified and is given as 
(10) AY F(J)—ArF(J) = (B—C)(J+1)*—1/32e'(A — B) (J+1)*[(J+2)°+J']. 


Hence, after adding the correction term in é to the observed combination 
defect, a simple graphical plot may be used to determine (B—(C). The correction 
‘term in é& is small; for HNO the correction for J = 17 is 0.13 cm~! and the 
value of (B—C)(J+1)? is 33.66 cm. The plot used to determine (B—C) for 
the lower state of HNO is reproduced as Fig. 5. The values of (B—C) deter- 
mined in this way are given in Table XIII. 








309 (+1)? 


Fic. 5. Graphical determination of (B’’—C’’) for the ground state of HNO. This plot is 
based on equation (10) of the text and the ordinate Y represents 


AL F(J)—ASF(J)+1/32e(A —B)(J+1)5((J +2)8+J3] —0.1(S +1). 


The last term is subtracted to enlarge the scale of the graph. 


4. Analysis of the vz Band of HNO 
In addition to the intense 0-O band whose analysis has been discussed, 
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two weaker bands, the (0, 1, 0) — (0, 0, 0) and the (0, 0, 1) — (0, 0, 0), which 
we shall refer to as the vz and v3; bands, were also observed. The details of the 
analysis of the ve band of HNO will be discussed in this section. The analysis 
of the »; band (and the v2 and v3; bands of DNO) is similar and for it only 
the results will be given. In this section the rotational constants for the 
upper state of the v2 band will be starred. The constants for the upper state 
of the 0-0 band carry no superscripts. 

To a good approximation (neglecting changes in centrifugal distortion 
coefficients), the differences in frequency of corresponding Q lines for the 
v2 and the 0-0 bands are given by 


(11) Q*(J)—Q(J) = AiG(2) +{(A*— B*) —(A —B)} K?+ (B*—B)J(J+1). 


(For the K’ = 1—K” =0 subband, (B*—B) must be replaced by 
eee 
4 4 
plotted against J(J+1) give a straight line whose intercept equals 
A,G(v2) +{ (A*—B*) — (A —B)} K?, and whose slope is (B*—B). The slope and 
intercepts determined in this way are given in Table XIV. These intercepts 
when plotted against K? should give a straight line whose intercept is A,;G(v) 
and whose slope is {(A*—B*)—(A—B)}. Actually some curvature was 
observed for this curve corresponding to changes in centrifugal distortion con- 
stants. The values of the HNO constants A,G(v2), (B*—B), {(A*—B*) 
—(A—B)}, etc., obtained in this way are given in Table XV, together with 

the related constants for the v3 band, and for the v2 and v3 bands of DNO. 


Be 


) For each subband, these differences, when 


TABLE XIV 


SLOPES AND INTERCEPTS (IN CM!) OBTAINED USING EQUATION (11) 








Subband Intercept Slope |Subband Intercept Slope 








DNO v2 band 
1401.28 +0.02 —0.0118,;+0.0002 
1401.05 +0.02 —0.0117;+0.0002 
1399.22 +0.02 —0.01163+0.0002 
1397 .67 +0.02 —0.0120,+0.0002 
1395.73 +0.02 —0.0120,+0.0002 
1393.34 +0.02 —(0.0120;+0.0002 
1390.66 +0.02 —0.0121;,+0.0002 
1387 .72,;+0.03 —0.0123,+0.0003 
1384.42 40.03 —0.0121,+0.0003 


HNO »; band | DNO »; band 


981.18;+0.02 —0.0026,+0.0001 755.31 +0.02 +0.0000;,+0 .0002 
983 .086+0.02 —0.0046;+0.0001 756.19 +0.02 —0.0024;+0.0001 
762 .94;+0.02 +0.0003,+0.0001 
768.55 +0.02 +0 .0002;+0.0001 
775.35 +0.02 +0 .0001,+0.0001 
783.07 +0.02 +0.0002,+0.0001 
791.575+0.10  +0.0000,+0.0002 


HNO v2 band 
1420.44+0.02 —0.01423,+0.0002 
1419.45+0.02 —0.01439+0.0002 | 
1417.86+0.02 —0.0142,+0.0002 
1415.71+0.02 —0.0144;+0.0003 || 

Perturbed 
1410.09+0.02 —0.0125,+0.0001 
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5. Summary 

Final values of the rotational constants A, B, C, and band origins » are 
easily derived from the data of Tables XIII and XV and are presented as 
Table XVI. The rotational constants derived by Ramsay (1957) for the 
complex band associated with the DCO spectrum agree well with the DNO 
constants given here. 








TABLE XVI 
EXPERIMENTALLY DETERMINED ROTATIONAL AND VIBRATIONAL CONSTANTS (IN CM™) 
















For HNO 
vy = 13154.38,+1420.7772+981 . 18573 





8.4792;+0.0005 
.41152+0.0002 
.30714+0.0002 


A’(0,0,0) =1 
) =1 

1 

(22. 1649+0.006) —(0.3462 +0 .0008)v2+(1.897+0.02)u; 

( 

( 


B’’(0, 0, 0 
c’"(0, 0, 0) 
A’ (0, v2, v3) 
B’ (0, v2, v3) 
C’ (0, v2, v3) 





1.32543+0.001)—(0.0142,+0.0010)v2+(0.0013,+0 .0005)v3 
1.2426;+0.001) —(0.0143;+0.0010)v2—(0.00662+0 .0005)u; 











For DNO 
vy = 13180.317+1401 .28v2+755. 313 










10 .5222,+0.0007 
1.2920;+0.0004 
c’(0, 0, 0) 1. 1462;+0.0004 
A’ (0, v2, vs) = (12.6303,+0.0007) —(0.2420;+0.0007 )v2+(0.8762; +0. 0007 )us 
B’ (0, v2, vs) = (1.19936+0.0004) —(0.01199+0.0010)v2+(0.00557-0 .0008)z; 
C’ (0, v2, vs) = (1.08772+0.0004) —(0.01170+0.0010)v2—(0.0051;+0 .0008)u; 


A’’(0, 0, 0) 
B’’(0, 0, 0) 
















E. DESCRIPTION OF PERTURBATIONS 


In the K’ = 4<— K” = 3 subband of HNO the Q(14) and Q(17) lines of 
the 0-0 band of HNO are clearly resolved into doublets. No such structure 
is observed for other Q lines in this subband. Since the P(15) and the R(13) 
lines are also observed to be doublets it follows that the perturbation occurs 
in the upper state. (The R(16) and P(18) lines which should also show doublet 
structure were very weak.) A few otherwise unassigned weak lines are observed 
close to the doublets and probably arise because of the perturbation. 

The perturbation in the K’ = 5 — K” = 4 subband is more extensive. For 
this subband one deduces from the combination differences that, here also, 
the observed perturbations observed are in the upper state. The lines of 
low J in the rotational branches are sufficiently shifted that it is necessary 
to use the regular ground-state combination differences to make positive 
assignments. Figure 6 illustrates the effect of the perturbation by presenting 
the differences between the observed and calculated Q branch positions as a 
function of J. Unfortunately, just because of the perturbation, the constants 
determined for the upper state are of limited accuracy and could lead to 
significant error in the calculated positions of lines above about J = 15. 
Consequently the curvature of the curve in Fig. 6 for the higher J values 
may not be due to the perturbation. However, for the lower J lines the 
calculated Q(/J) should not contain significant error and the observed dis- 
crepancies can be definitely assigned to a perturbation. The nature of this 
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perturbation seems to be most unusual. For example, we have the situation 
of observing the J = 5, 7, and 9 levels displaced but not split while the 
J = 6 and 8 levels are split by large amounts. The Q(16) line of this subband 
is just resolved into a doublet. 
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Fic. 6. Q(J obs —Q(J )eate against J for the K’ = 5 — K” = 4 subband of HNO. The inten- 
sities of the observed lines are indicated. A few points denoted by X were deduced from the 
strong R-branch lines. The displacement of the points from the value Q(J)ovs—Q(J cate = 0 is 
a measure of the perturbation in the upper state. 


The observations described above represent the most obvious effects of 
the perturbation on the spectrum of HNO. However, it was often observed 
during the analysis that for a given subband the curves used to evaluate 
ground state rotational constants showed much less scatter than those for 
the upper state. This scatter may well arise from small perturbations in the 
upper state. 

It will be shown in a later section that the most likely assignment of 
electronic symmetries to the observed HNO transition is 14’ —!A’ and 
that another electronic state of symmetry *A” and of intermediate energy 
would also be expected. The perturbations in the '4” state could arise from 
interactions with the *A” state or with higher vibrational levels of the '.4’ 
state. Both of these interactions violate the electronic selection rules for 
perturbations, and one would therefore expect any perturbations arising from 
these interactions to be small. (The maximum magnitude of the observed 
perturbation was about 1 cm~.) 

Attempts to account for the observed perturbation in detail and to deduce 
properties of the perturbing state were unsuccessful. More information on 
triplet splitting in nonlinear polyatomic molecules is needed. 
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F. IDENTIFICATION OF THE ABSORBING SPECIES 


The rotational and vibrational analyses which have been discussed are 
independent of any special knowledge about the identity of the absorbing 
molecule. The interpretation of these analyses, however, rests upon such 
knowledge. Therefore, before proceeding to the interpretation of the experi- 
mental results, a more detailed discussion of the evidence for assignment of 
the spectrum to HNO is presented. 

From the magnitude of the observed rotational constants one may deduce 
that the carrier of the bands is a nonlinear triatomic molecule of the form 
H—X—X or H—X—Y, where X, Y may be C, N, or O. Since the bands can be 
produced from ammonia, nitric oxide mixtures, this discussion can be limited 
to consideration of three possibilities, HN2, HOz, HNO, and HON. The 
possibility that the bands arise from HON is discussed in a later section and 
it is shown there that this is most unlikely. 

Under the assumption that the carrier of the bands is HO:2, the 0-0 bond 
length is calculated to be 1.171 A. The corresponding bond length for the 
diatomic oxygen molecule is 1.207393; A (Babcock and Herzberg 1948), and 
for hydrogen peroxide is 1.48 A (Zumwalt and Giguére 1941). It is improbable 
that the true bond length for HO: is so short compared to O2 and H:2O2. 
Unpublished experiments by Dr. I. Liu at Ottawa have shown that photolysis 
of O.-NH; mixtures does not lead to the spectrum described in this paper. 

No chemical evidence for the existence of the HN: radical has ever been 
reported. It has not been observed by mass spectroscopy. Walsh (1953) has 
predicted that NH: should be linear in its first excited state as is the iso- 
electronic molecule HCO (Herzberg and Ramsay 1955). The molecule dis- 
cussed here is bent in both lower and upper electronic states. 

Although completely unambiguous evidence for the assignment of the 
carrier of the spectrum of HNO could only be obtained by use of isotopically 
labeled nitrogen and oxygen atoms, the possibility of any other molecule 
being responsible for the observed spectrum seems remote. The method of 
production of the spectrum, the relatively long ‘‘lifetime’’ of the absorbing 
species, the molecular geometry, vibrational constants, and the electronic 
structure deduced from the spectrum, are all consistent with and strongly 
support the HNO assignment. 










































G. MOLECULAR GEOMETRY OF HNO 


For each electronic state of H—N=O there are three geometrical parameters 
to determine: the NO bond length ryo, the NH bond length ryq, and the 
enclosed angle @. It is convenient to use the expressions of Hirschfelder (1940) 
to derive the following equations relating the equilibrium moments of inertia 
to these molecular parameters. 


(12) I¢ -_ mol -7) hot mta( 1 _*s) fan aT ron cos6, 














(13) IiIp = — reofwn sin’}, 
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(14) Ic = In+TIs, 
where M = mo+my+mg. 

The A axis may be thought of as roughly parallel to the NO axis. The B 
axis in the molecular plane and the C axis perpendicular to this plane inter- 
sect the A axis at the center of mass of HNO. 

Experimental moments of inertia for HNO and DNO are derived from the 
observed rotational constants of Table XVI by using the conversion factor 
BI = h/8n’c = (27.9889)10-*° g cm. These moments of inertia refer to the 
lowest vibrational states and are not equilibrium values. Equations (12)—(14), 
which are precise for the equilibrium moments of inertia, are only approxi- 
mately satisfied for the experimentally determined moments because of con- 
tributions from zero-point vibration. In particular, the observed inertial 
defect A = Ig—I,—Tzs is not equal to the value zero which equation (14) 
predicts for the equilibrium constants. The experimentally determined 
moments of inertia and inertial defects are (in units 10-*° g cm’): 


HNO DNO 

(0, 0,0) = 1.514612-+0.00004 “(0, 0,0) = 2.659975-£0.00018 
I(0, 0,0) = 19.828+0.003 1 (0, 0, 0) = 21.6627-+0.007 
_I#(0, 0,0) = 21.411¢+0.003 (0, 0,0) = 24.417.+0.009 
A’’(0, 0, 0) = 0.068¢+0.006 A’’(0, 0, 0) = 0.095;+0.018 
1/(0,0,0) = 1.2628:+0.0003 IL (0, 0, 0) = 2.216005-+0.00012 
14(0,0,0) = 21.1169-0.016 14(0, 0, 0) = 23.3365+0.009, 
1é(0, 0,0) = 22.5239+0.018 1é(0, 0,0) = 25.7317+0.011 
A’(0, 0,0) = 0.140)-+0.034 A’(0, 0,0) = 0.1792-+0.020 


Since equilibrium moments of inertia are not available, it is not possible to 
obtain consistent equilibrium distances and angles. Different procedures for 
obtaining the three geometrical parameters from the six experimental data 
(4, Iz, Ic for the two isotopic molecules) yield slightly different results. The 
procedure adopted here (cf. Herzberg and Innes 1957) is probably the best 
compromise between the conflicting values arising from the effects of zero- 
point vibration. 

From equation (12) one can deduce 

My +Mo+Mn Ie(HNO) — "Mot Mx I¢(DNO) 
H D 


2 Mey 


'ro = 
a ( -— ) 
Oe 
My Mp 


and obtain a value rf, = 1.21162; A for the lower electronic state. With 
this value of rxo and equations (12) and (13) the other molecular parameters 
can be evaluated independently for both HNO and DNO. The result is: 


tru = 1.0641, A, 6 = 108.43;° for HNO, 


and 


1.0614, A, 6 = 108.73;° for DNO. 


ll 
Il 
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The average of these results gives for the lower electronic state: 
ra = 1.062, A, ro = 1.211,A, and 06” = 108.55. 

The same procedure yields for the upper electronic state: 


1.2411) A, ry = 1.0357, A, 6 = 116.28,° 


TNO 
for HNO, and 
ryo = 1.24110 A, ryp = 1.0362;A, 06 = 116.217° 
for DNO. The average of these results gives for the upper electronic state: 

rou = 1.086) A, rho = 1.241,A, and 6’ = 116.25. 


An alternative structure corresponding to H—O—N can also be derived 
from the experimental data but seems physically unrealistic. The ON bond 
lengths derived for this structure are the same as those obtained above, i.e., 
no= 1.211, A, and no= 1.241, A. The NO stretching vibration for the 
upper electronic state is about 1400cm™~ (cf. Table XVI). By contrast, 
typical bond lengths and stretching frequencies for the NO single bond are 
about 1.43 A and about 1000 cm='. (Orville-Thomas 1957). The wide divergence 
between these two sets of data makes it extremely unlikely that the H—O—N 
structure can be correct, and it has been discarded. 

There appear to be no accurate determinations of N==O bond lengths in 
molecules whose electronic structure is similar to HNO. For the nitrosyl 
halides, which in many respects are the molecules most closely related to 
HNO, the properties of the NO bond are appreciably affected by the electro- 
negativity of the halogen atom. (The NO bond length in FNO is only 1.13 A 
and the corresponding stretching frequency is 1844 cm~! (Magnuson 1951).) 
Liittke (1954) has correlated the NO bond lengths with the NO stretching 
frequencies for a large number of molecules. For an NO bond length of 1.241, A 
(the value obtained for the upper electronic state of HNO) his correlation 
predicts the stretching frequency to be about 1400cm~!. The observed 
stretching frequency of the upper electronic state of HNO (1420.77 cm~') 
agrees remarkably well with this prediction. 
H. THE NATURE OF THE ELECTRONIC STATES OF HNO 

The HNO molecule in a bent configuration has only one symmetry element 
—the molecular plane. States which are invariant with respect to reflection 
in this plane are called A’ states. States which change their sign upon such 
reflection are called A” states. (These symbols are, unfortunately, identical 
with the symbols representing the largest rotational constant. In this section 
these symbols represent electronic symmetries only.) 

Since the HNO spectrum was found to obey the C-type rotational selection 
rules, it follows unequivocally that the transition is of the form A’ <— A’ or 
A’ <A". There is no experimental evidence available to determine which 
of these possibilities is the correct one. The experimental evidence as to the 
multiplicities of the electronic state involved is less direct and less certain. The 
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relatively strong absorption intensity of the observed HNO spectrum strongly 
suggests that the transition is of an allowed type and, in particular, is not 
a singlet-triplet intercombination. Moreover, there is no evidence of spin 
splitting in the observed spectrum. (Such splitting, if present, can be no 
larger than about 0.07 cm~.) The most natural assignment, as deduced from 
experimental evidence, is either 1A’’ —1!4’ or 1A’ <—1A”, 

Orgel (1953) has given a qualitative discussion of the electronic structure 
and spectrum of HNO in relation to the properties of the isoelectronic oxygen 
molecule.* The main results of this work are illustrated in Fig. 7, which is 
taken from Orgel’s paper. The energy levels of HNO are shown as a function 


ENERGY 


DISPLACEMENT OF HYDROGEN NUCLEUS 


Fic. 7. Electronic energies for HNO plotted against displacement of the hydrogen atom 
from the NO axis. This is a qualitative picture due to Orgel (1953). 


of the displacement of the hydrogen atom from the N-O axis. For zero dis- 
placement, the energies will be similar to Os. The intervals between the 
8y,-, 'A,, and !2,* states will change somewhat but there will be no changes 
in the qualitative energy scheme. As the hydrogen nucleus moves off the 
NO axis the degenerate 'A, level splits into two components, a 'A’ and a !4”’ 
state. The 'A’ component of the !A state and the 'Z,+ state are mixed together 
by the nonaxial perturbation. The *2,~ state and the 'A’’ component of the 
1A, state have been drawn as parallel straight lines. Actually, they are affected 
to different extents by the perturbation and so the figure is not accurate. 
The 'A, state may split sufficiently for one component to be displaced 
below the *2,~ level. Then the ground state of the molecule is a !4’ state. 
Orgel has predicted that for HNO the ground state is indeed a 'A’ state and 
that the most intense transition in absorption is 'A’’ —!4’, the transition 
marked J» in the figure. Alternate transitions 7; and J; would be much less 
intense. If, on the other hand, neither component of the 'A, level is displaced 
below the *2,~ state, all the lowest absorption transitions would be weak 
triplet—singlet transitions. Moreover, in this case HNO would be paramagnetic 
in the ground state, whereas all the known nitroso compounds are diamagnetic. 


‘Walsh (1953) has independently discussed the electronic properties of HNO and arrived at 
essentially the same conclusions. 
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Of the two most natural assignments deduced from experimental evidence, 
only one can be reconciled with Orgel’s theoretical treatment. This assign- 
ment is 'A’’ —1!4’, and we conclude that this is correct assignment for the 


observed HNO spectrum. 
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THE RELATIONSHIPS BETWEEN THE SECULAR CHANGE 
AND THE NON-DIPOLE FIELDS! 


KENNETH WHITHAM 


ABSTRACT 


Using airborne, ground, and repeat magnetic observations in Canada compiled 
in the isomagnetic and isoporic charts for epoch 1955.0, the drift and decay 
contributions of the non-dipole field to the observed secular variation have been 
estimated. The drift rates which produce the minimum residual secular variation 
were found to be unusually small. It is then confirmed, using the longitude 
displacement method and isomagnetic data only, that the westward drift of the 
non-dipole field in recent years in Canada is significantly smaller than the 
world-wide average. These results clearly demonstrate the large local fluctua- 
tions which occur in westward drift. 

The two different methods were applied to obtain relationships between the 
Gaussian coefficients in the spherical harmonic analyses of the earth’s main 
field and the secular variation. Calculations show that both methods give the 
accepted world-wide average value of westward drift, that one half of the 
world-wide secular variation is produced by westward drift, and in general 
decay terms are unimportant. 


I. INTRODUCTION 


Any relationships which can be found between the time variations of the 
_ geomagnetic field (excluding the short period effects produced by ionospheric 
and extraterrestrial currents) and the field itself are useful in two ways. Firstly, 
they are invaluable in theoretical discussions of the origin of the main field 
and its secular variation and of such phenomena as westward drift. Secondly, 
recent technical advances in three-component airborne and seaborne magneto- 
meters allow us to produce accurate smoothed magnetic charts, but are in- 
sufficient to measure accurately the secular variation except after compara- 
tively long time intervals and in the case of regional centers of rapid secular 
change (Serson and Whitham 1958). Consequently any method which allows 
the prediction, no matter how approximately, of a part of the secular variation 
from a collection of reliable magnetic data would be of practical importance, 
and would help supplement the recent important technical advances in 
magnetic surveying. 

A study of secular variation is possible with data for the entire world using 
either observatory data alone, and/or world isoporic charts based on observa- 
tory data and the results from repeat stations, more or less scattered irregularly 
over the surface of the earth and reduced to a common epoch by various 
methods. It is, moreover, possible to express the secular variation field in 
terms of coefficients appearing in a spherical harmonic analysis of the secular 
variation. The most recent world charts available are those for epoch 1955.0 
published by both the United States Hydrographic Office and the British 
Admiralty, showing isomagnetic contours and the corresponding isopors in 
various components. The most recent spherical harmonic analysis of the 
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secular variation refers to epoch 1952.5 and was based upon the annual 
changes at 68 observatories throughout the world (Nagata and Rikitake 
1957). In the world charts there are undoubtedly large systematic errors in 
the isomagnetic contours, particularly in ocean areas, produced by the un- 
certain extrapolation of observations at sea made some thirty or forty years 
ago (Leaton 1957). The author considers that the relative uncertainties in 
the isoporic data are even greater. Furthermore, difficulties in the most 
recent spherical harmonic analysis of the secular variation field are evident, 
owing to the uneven distribution of the observatories, and can be clearly 
seen in the results in that the coefficients obtained from Z, although showing 
general agreement with the same coefficients derived from X and Y, 
sometimes differ from them considerably, at times even being of different 
sign. When it is realized that only data from permanently operating ob- 
servatories were used in the construction of the isoporic charts, which were then 
used in this spherical harmonic analysis, it is clear that a great deal of un- 
certainty attaches to the usual world isoporic charts. 

Consequently it was preferred to work initially with the Canadian iso- 
magnetic and isoporic charts, epoch 1955.0 (Madill and Dawson 1956), 
compiled largely from observations made on the ground or in the air by 
staff members of the Dominion Observatory. In this way some of the un- 
certainties in compilation and in the isomagnetic data and the isoporic data, 
and the distribution of the field and repeat stations, could be determined. 
The area involved in this initial study is a little more than 1/30th of the 
surface area of the earth, but is sufficiently extensive to give reasonable 
statistical significance to the results. Again the charts for 1955.0 were the 
first to be compiled in all elements for Canada. 

The main geomagnetic field approximates that of a dipole at the earth’s 
center. When the symmetrical dipole field is subtracted from the surface 
field, the more irregular non-dipole field is left. The non-dipole field and the 
secular variation field can each be represented approximately by the fields of 
a small number of dipoles in the earth’s core, the secular change dipoles being 
essentially radial and situated a little way inside the core boundary (Lowes 
and Runcorn 1951), whereas the position and direction of. those corresponding 
to the non-dipole field are less certain. Lowes (1955) pointed out that if the 
changes in the dipole field are neglected, the secular variation can reasonably 
be regarded as produced by changes in the magnitude, direction, and position 
of the non-dipole field sources. Lowes considered that the absence of appre- 
ciable positional correlation between the hypothetical dipoles representing 
secular variation and the non-dipole field sources suggested that the westward 
movement of the regional dipoles, which represent the non-dipole field, was 
very important and found that foci of magnitude 60 —- 80 gammas per year 
(half the magnitude of typical secular change foci) could be produced by a 
westward drift of the non-dipole field of 0.2° per year. Similarly Nagata and 
Rikitake (1957) point out that there is a marked tendency for the centers of 
secular change to occur at places to the west of the highs and lows of the non- 
dipole field, and interpret this as evidence for westward drift. Lowes (1955), 
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however, claimed that after making allowance for the generally accepted 
value of westward drift, the residual secular variation field still showed 
no positive correlation with the non-dipole field. He concluded that the latter 
must be incorrect because the spherical harmonic analysis waS giving only 
the total apparent central dipole, which is the sum of the real primary dipole 
produced by primary mechanisms responsible for the main field and a 
secondary part given by non-random contributions of regional sources. The 
important point he suggested is that the generally accepted value of westward 
drift of the non-dipole field, although admittedly subject to considerable 
uncertainty, could account for a substantial part of the observed secular 
variation. The reasoning was apparently based on the secular change foci. 

The work described below using the Canadian isomagnetic and isoporic 
charts, epoch 1955.0, represents an attempt to investigate by a numerical 
variational method the relationship between the observed secular variation, 
and the non-dipole field in an area where no isoporic foci are known to be 
present. This led to a reinvestigation of westward drift in Canada, and finally 
to an assessment of the world-wide contribution of westward drift to secular 
variation. Since the errors and uncertainties in magnetic charts, instrumental 
limitations, and inaccuracies in reducing observations to epoch do not seem 
to be universally appreciated by workers in this field, an attempt has been 
made to indicate such limitations and assess some of their effects on the 
conclusions which can be drawn. 


II. THE RELIABILITY OF THE BASIC DATA 


Madill and Dawson (1956) have published a series of charts for Canada 
at a scale of 100 miles to the inch showing the isogonic or isodynamic lines 
and the correspondi::g isopors for the elements D, J, H, Z, and F. Dawson 
(1956) has compiled charts for the elements X, Y on the same scale and using 
the same basic data. The present author has worked with the X, Y, Z charts 
which show smoothed contours for epoch 1955.0 with a contour interval of 
1000 gammas (1 gamma = 10-5 oersted) for the isodynamic lines, and 5 
gammas per year for the isopors of X, and 10 gammas per year for the isopors 
of Y, Z. The density of observations used in the production of the charts 
varies widely; for example, in Prince Edward Island there is about 1 station 
per 400 square miles, whilst in the Yukon and Northwest Territories, there 
is about 1 station per 10,000 square miles. Approximately 1000 observations 
were used in compiling the isodynamic contours, and the average density 
of stations in Canada is 1 per 3700 square miles. In the compilation of the 
isopors, approximately 210-220 secular variation stations have been used 
in each magnetic element. 

For the purpose of this work it would be desirable that the isomagnetic 
charts show the distribution at the surface of the earth of that portion of the 
field of deep internal origin only, i.e. with the effects of crustal anomalies 
completely removed by smoothing. The charts fall short of this ideal for at 
least three reasons: 
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(i) There can be errors in the field observations caused, for example, by 
the use of incorrect constants in the different magnetometers in use. 

(ii) There can be errors in reducing the field observations to epoch 1955.0 
by an incomplete or incorrect knowledge of the corrections required for 
diurnal, annual, and secular variation. 

(iii) There is no precise quantitative technique known to determine the 
smoothing of magnetic data required to remove all the effects of anomalies, and 
in practice the degree of smoothing depends on the geographical density 
of observations and the geophysical nature of the crust (and mantle above 
the Curie point), and these can vary widely. 

It is clear that the third factor above presents the most serious limitation, 
since, using the curves published by Serson and Hannaford (1957), which 
refer to magnetic profiles measured in Canada, it can easily be estimated 
that the r.m.s. error in X, Y, and Z is about 170 gammas and is approximately 
independent of the detailed smoothing involved. The errors from the first 
two causes can, with care, be kept nearly an order of magnitude smaller. This 
r.m.s. error only tells us how good a fit the charts are to the field observed 
at the surface of the earth and does not tell us how good a fit the charts are 
to the field due to sources within the core. However, since this r.m.s. error 
can be reasonably interpreted in terms of deep crustal sources (Serson and 
Hannaford 1957), and since Serson, Mack, and Whitham (1957) have shown 
that r.m.s. differences of about 250 gammas are found between a large number 
of airborne observations and interpolated chart values, it appears likely 
that the smoothed chart contours do represent the field due to sources within 
the core reasonably accurately. Moreover, it will be clear later that the 
spatial horizontal gradients of the smoothed field are desired. Simple calcu- 
lations using equivalent radial dipoles suggest that the maximum gradient 
errors (which are proportional to the magnitude of the regional source anomaly) 
are unlikely to be more than a few per cent. It is considered quite likely that 
errors in determining the magnitude of the regional sources, because of un- 
certainties in the magnitude of the proper dipole field to be used, exceed 
errors from residual crustal effects in these smoothed charts. 

Even if the secular variation is assumed to have its origin inside the core, 
the errors in the isoporic contours are more difficult to assess correctly than 
those in the isomagnetic contours, but for entirely different reasons. The 
problems are now largely the requirements of very careful instrument cali- 
bration and operation and the need for accurate epochal corrections. Further- 
more, even with precise data, accurately corrected for annual and diurnal 
variations and with repeat observations at fairly uniform intervals of time, 
there is still some uncertainty concerning the value of the secular change at a 
given epoch. This becomes clear if the annual mean values of some continually 
recording magnetic observatories, such as those for Agincourt in recent 
years, are carefully examined. The occupation in time of Canadian repeat 
stations has been irregular, and the calibration of some of the instruments 
employed in the occupation of the stations has been more uncertain in past 
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years than is now the case, with the development of proton precessional 
magnetometers and the widespread use of Q.H.M.’s in Canada. In practice, 
after correction for daily disturbance and annual variation, whenever and 
wherever possible (Whitham and Loomer 1957), a graphical method of 
estimating secular change by drawing smooth curves through the field obser- 
vations has generally been employed. The values obtained are grouped in 
areas and contours drawn with an arbitrary amount of smoothing introduced. 

It is almost certain that errors of the third type, i.e. in graphical extra- 
polation are unimportant compared to errors in the determination and correc- 
tion for external transient disturbance of any magnetic element at any time. 
If it is assumed that there are no appreciable crustal components of secular 
variation in Canada, analysis of the differences between the estimated secular 
variation at repeat stations and the secular variation interpolated linearly 
from the isoporic lines can be interpreted as an analysis of the error in the 
estimation of secular variation at the repeat stations and hence gives some 
idea of the reliability of the contours themselves. Table I shows such an 
analysis, and one interpretation would therefore be that linearly interpolated 
values of secular variation from the charts are reliable to better than 3 gammas 


TABLE | 


*THE EFFECTS OF SMOOTHING THE ISOPORIC CONTOURS, OR RANDOM ERRORS IN SECULAR CHANGE 
DETERMINATION AT REPEAT STATIONS 


North East Vertical 
component component component 








Number of repeat stations used in map compilation 212 212 219 


r.m.s. value of secular variation at repeat stations 
in gammas/year 14 8 20 


r.m.s. value of difference between smoothed chart 
and station values in gammas/year = 3 6 


per year in each of the horizontal components and 6 gammas per year in the 
vertical component. The differences between the estimated and chart values 
of secular variation show no systematic effects exceeding 1 gamma per year, 
but the distribution of the differences is such that there is an excess of larger 
differences from a Gaussian distribution. In summary, if the initial secular 
change station repeat data is correct then the effects of unnecessary smoothing 
have been shown not to exceed 3 gammas per year in the horizontal and 6 
gammas per year in the vertical components. If, on the other hand, the 
smoothed contours are reasonable for distant weak secular change sources, 
then these figures can be interpreted as an indication of the magnitude of 
the random errors in the determination of secular variation, and consequently 
in the isoporic contours. Some support for this hypothesis is found on com- 
puting the line integral of secular variation for approximately the area 
examined. For a total path length of 6200 km, the residual line integral was 
only 0.24 oersted-km per year, which suggests an average error of a few 
gammas/year only along the path. This figure is very much lower than the 
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residual line integrals computed for the isoporic world charts of Vestine, 
Lange, Laporte, and Scott (1947). 

Three points should be noted: 

(i) The above discussion provides only an indication of the difficulties, 
and it is entirely possible that systematic errors in the determination of the 
secular variation and in the isoporic lines could be present. In practice, because 
of the randomness of the occupations, and with the instruments and techniques 
which have been used, it is thought that serious systematic errors are unlikely, 
unless the standards of Agincourt Observatory have been in serious error 
for some years. 

(ii) The accuracy of the Y isopors mainly reflects the accuracy of the D 
data which in turn is much less affected by changes in the electrical constants 
of magnetometers than is X, Z data. In practice there is no evidence either 
from Table I or line integrals that the Y data is appreciably more reliable 
than the X data, which suggests that the corrections for short period and 
annual disturbances are the most uncertain aspect in secular change de- 
termination in Canada. This result was predicted on other grounds by 
Whitham and Loomer (1957). 

(iii) It has been assumed that secular variation is produced by physical 
processes, such as induction, inside the core and that there are no contributions 
to secular change from time changes in magnetization of rocks above the 
Curie point. This latter process, if it occurs, could allow a more locally differ- 
entiated form of isopors and much of the argument presented above would 
be invalid. Because of the time scale involved, most geophysicists ascribe 
the secular variation to the core. However, Koenigsfeld (1957) has recently 
described a map of the secular variation in D for Belgium which shows highly 
localized centers of change and for which a crustal origin is certainly the 
easiest geometrical explanation. These centers appear to show spatial cor- 
relation with regions of anomalously high conductivity in the mantle, although 
these latter regions were previously judged to be at temperatures above the 
Curie point, so that the possibility of explanation by the magnetizing or 
demagnetizing effects of alternating currents induced inside the earth by 
external magnetic disturbance seems to be eliminated. Obviously, however, 
the subject is very complicated and if shallower sources are thought possible, 
then the presumed accuracy of the data is in error. 

So far as the following work is concerned, it is thought that effects with 
an r.m.s. value of 3 gammas per year in X, Y can reasonably be interpreted 
as entering into the solutions by errors in the isoporic data. 


Ill. THE NON-DIPOLE FIELD IN CANADA, EPOCH 1955.0 


If the magnetic field F is written as the gradient of a scalar potential 6, 
obeys Laplace’s equation and can therefore be written as a series of spherical 
harmonics: 


oo n n+1 
@’=a)>, P"(cos @) (:) [gr cos mA+h*y sin md] 
n=0 m=0 
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for a field of internal origin. At the surface of the earth, r = a and 


m 


; ie a (cos 6)[gh cos ma+hy sin m\], 





xX 


ee ame aos P* (cos 6)[gn sin m\—hx cos md], 


Z= >> DX —P® (cos 6)(n+1)[g" cos mA+h” sin md]. 


The dipole terms are g,°, gi', /,', the first term corresponding to an axial dipole 
and the second two terms to the two orthogonal components of the central 
dipole in the equatorial plane. The field components at (6, A) produced 
by the axial dipole are 


X, = —g,° sin 6, 
Y, = 0, 
Z\ = —2 g, cos 6, 


and those by the total central dipole are 
Xo = —g;sin@ +g;!cos@cosX -+h,' cos@sin\X, 
Y, = gi' sind —h;' cos i, 
Z. = —2g;°cos?é —2g;'sin@cosXA —2h,' sin @ sin X. 


A number of determinations of the Gaussian coefficients g, h have been 
made, and the results of these have been summarized by Vestine, Lange, 
Laporte, and Scott (1947) and Spencer-Jones and Melotte (1953). Figure 1 
shows the results of successive determinations of g1°, gi’, h;' at different epochs. 
The points marked by crosses show estimates of the coefficients derived by 
correcting the epoch 1945 determinations of Vestine et al. (1947) of the 
Gaussian coefficients for the main field, using the Gaussian coefficients of 
the secular variation field derived by the same authors (1947) for epochs 
1932.5 and 1942.5, and Nagata and Rikitake (1957) for 1952.5. 

It appears that at 1955.0 the most likely value of g,° to be adopted should 
have been —g,° = 3049 X 10~ oersteds, whereas a value of 3050 X 10~‘ oersteds 
had been adopted before Nagata and Rikitake’s (1957) calculations were 
published, and when it was thought that the rate of decrease of the axial 
field was either decreasing or zero in 1955.0. Similarly estimates for g,! and hy! 
for epoch 1955.0 were made, and values of —g,;! = 22510‘ oersteds and 
h,! = 585X10~ oersteds adopted. It seems likely, if Vestine’s et al. (1947) 
values are accepted as the most reliable, that the value adopted for h,! is 
approximately correct, but that adopted for g;' is much more uncertain and 
probably some 15X10‘ oersteds too low. In any case, the points in Fig. 1 
clearly show that, depending on the source of data and the weighting employed, 
there is considerable uncertainty in the true values at any epoch, and at 
1955.0 it can be seen that the values mentioned above may be incorrect by 
10-20 X 10-4 oersteds. 
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Fic. 1. Successive values of g,°, gi', h:! at different epochs. The values for 1885 represent the 


mean of three determinations and the crossed points represent values estimated from analyses 
of the secular variation and the values for epoch 1945.0 given by Vestine et al. (1947). +.¥ 4 











The axial and inclined dipole field components at 1955.0 were computed 
at each 5 degrees of longitude and 23 degrees of latitude for the continental 
area of Canada and later extended southwards to latitude 15 degrees north 
between these longitudes (210 degrees east to 310 degrees east). These com- 
ponents were subtracted from the chart values and the residual fields con- 
toured. The X residual fields in each case show large negative contours very 
approximately centered on Hudson Bay; the center is numerically greater 
for the axial than for the inclined dipole case. The Z residuals show large 
positive centers in approximately the same longitude but with maxima in 
the U.S.A. Again the non-dipole field maximum in Z is more than twice as 
large when the axial dipole is subtracted as when the inclined dipole is sub- 
tracted. In general, the non-dipole field contours in North America, when the 
inclined dipole is subtracted, are similar in 1955.0 to those published by Bullard, 
Freedman, Gellman, and Nixon (1950) for epochs 1945 and 1907.5. The 
magnitudes of the X and Z centers is much the same: there appears to have 
been a small westerly shift of the Z center, without very much change in 
latitude, whilst the position of the X center is apparently unchanged. There 
is little point in checking for westward drift since the field results on which 
the epoch 1945 charts of Bullard, Freedman, Gellman, and Nixon (1950) 





























1380 CANADIAN JOURNAL OF PHYSICS. VOL. 36, 1958 


depend are entirely different. No attempt was made to derive the equivalent 
regional dipole or dipoles. 


IV. THE MINIMUM METHOD 


Consider the non-dipole field corresponding to the subtraction of the 
axial dipole. Along each parallel of latitude, profiles of this field were con- 
structed and the horizontal (east-west) gradients estimated at some 111 
points on a grid of 5 degree latitude separation (from 45 degrees north to 
75 degrees north) and 5 degree longitude separation, covering the continental 
area of Canada. This procedure was repeated for each of the three orthogonal 
components. Let dH/dt be the secular variation in gammas per year in any 
component of the earth’s field at the point latitude ¢ (colatitude 6), longitude 
\; 0H,/dd be the gradient in gammas per degree of longitude of that component 
of the non-dipole field at the same epoch and point (¢, A); and 7 be the rate 
of drift in degrees eastward per year of the non-dipole field; then the con- 
tribution to the observed secular variation from the drift of the non-dipole 
field is —r,0H,/dX gammas per year at the point (¢, A). Write the difference 


N 
e = (dH /dt)+(ndH,/dd). A plot of é/N against 7, should show a minimum 
0 


at the rate corresponding to the drift, and the value of the minimum when 
compared to the magnitude of }ie/N(r = 0) enables an estimate of the 
r.m.s. magnitude of the drift contribution to the total secular variation to 
be made. Calculation for 7, positive and negative correspond to the case of 
eastward and westward drift respectively. 

A similar procedure can be applied to search for north-south drift, after 
the gradients 0H,/d¢ at each point (¢, A) have been estimated from profiles 
of the non-dipole field along meridians of longitude. In this case the difference 


= (dH/dt)+(rg 0H,/d¢) is formed, and a minimum sought in a plot of 
- 
de/N against ry. It seemed worth while extending the calculations to con- 
0 
sider north-south drift in view of the northward drift of the features of the 


€ 


TABLE II 


VALUES OF THE DRIFT OF THE NON-DIPOLE FIELD IN CANADA, EPOCH 1955.0, OBTAINED BY 

MINIMIZING THE RESIDUAL SECULAR VARIATION AFTER SUBTRACTING THE DRIFT CONTRIBUTION 

FROM THE OBSERVED SECULAR VARIATION, THE R.M.S. MINIMUM VALUES ARE SHOWN IN 
COLUMNS 2 AND 4 AND THE INITIAL R.M.S. VALUES IN COLUMNS l AND 3 


r.m.s. secular r.m.s, secular 
Longitude drift variation in y/year Latitude drift} variation in y/year 
ry,°/year | 2 ro, /year 3 4 





North 


component 0.04+0.018 E. 17 16 0.02+0.013 N. 17 17 
East 

component 0.01+40.006 W. 10 9 0.05+0.007 S. 10 a 
Vertical 

component 0.02+0.02 E. 26 25 0.03840. 006 5S. 26 20 


Weighted 


mean 0.0040 005 W 0.0340 004 S, 














it 
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earth’s field shown in the eccentric dipole representation of Vestine (1953), 
the doubts as to its reality expressed by Runcorn (1956), and the northward 
drift of one pronounced feature of the main field in Northern Canada 
(Whitham and Loomer 1956). 

Figure 2 shows the results of these estimates in which the r.m.s. values 
in gammas per year of the residual secular variation in X, Y, and Z is plotted 
against the rate of drift of the non-dipole field in degrees per year. Table II 
summarizes the rates of drift at the minima of the curves in Fig. 2 and the 
contributions to the secular variation field which can be produced by these 
optimum rates. It is clear that only in the Y, Z cases, and with a small rate 


rate of drift of non-dipole field in degrees per year 
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Fic. 2, The r.m.s. value in gammas per year of residual X, Y, Z fields plotted against 
rate of drift of the non-dipole field for Canada, epoch 1955.0. 


of southward drift, is there any evidence of an appreciable contribution to 
secular variation from the drift of the non-dipole field at epoch 1955.0 in 
Canada. For the two cases the reductions are small and only equal in magni- 
tude to the effects which might be expected from the uncertainties in the 
secular change data discussed in Section II above. It is concluded that the small 
southward drift found may or may not be real, but that certainly there is no 
clear evidence for any westward drift. 

These results were not expected and require explanation. If there is really 
a westward drift of the non-dipole field of the earth of magnitude 0.18+0.015 
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degrees per year (Bullard, Freedman, Gellman, and Nixon 1950) with the 
possibility of a northward drift of much the same magnitude, as mentioned 
above, then either the secular variation data or the non-dipole field data, or 
both, must be incorrect. In any case, the results apparently disagree with 
Lowes (1955) and Runcorn (1956), who claim that one-half the secular 
variation can be ascribed to westward drift: these claims presumably refer 
to secular change centers only. Furthermore, the method is obviously useless 
as a guide in the prediction of isopors from detailed isodynamic information. 
There is another explanation of the results—that in the region considered, 
westward drift is insignificant and consequently no appreciable contributions 
to secular variation would be expected. 

The standard deviations in Table II are derived by applying the discussions 
of errors given by Bullard, Freedman, Gellman, and Nixon (1950) in their 
estimation of the uncertainty of the determination of westward drift by 
using non-dipole fields at epochs separated by 37.5 years. If the errors in 
secular variation are independent of the gradients of the non-dipole field, 
which is quite reasonable from the discussion above in Section II of the errors 
in isodynamic and isoporic charts, then the standard deviation in r is 


2 4 
alr) = [20am |" 
| < 
¢ ape | 
the same as the expression given by Bullard et al. (1950). If the N = 111 
points used are equivalent to N, independent observations, the expression must 
be multiplied by ~/(V/N;). Since in this case the number of points is about 
one half of the total number of independent secular variation repeat stations 
scattered unevenly about the same area, it is probably approximately correct 


to put N, equal to N. Then o(r) can be estimated from the calculated values 
of >-e, and are shown in Table II. 


V. DECAY OF THE NON-DIPOLE FIELD 


From a visual examination of the charts the suggestion followed that the 
secular variation field might be correlated with the magnitude of the non- 
dipole field corresponding to the subtraction of an axial dipole. If we arbitrarily 
assume the non-dipole field has a time dependence e~‘/? or e~*' and form the 
differences 


« = dH(9, )/dt + aH,(¢, d) 


where H,(¢, A) is the non-dipole field component at (¢, A), then the minimum 
>é method outlined in the section above can be used. The results are shown 
in Fig. 3 for the three field components X, Y, and Z and 111 points. Table 
III summarizes the results, and it is clear that more than a quarter of the 
magnitude of the secular variation field can be accounted for empirically in 
this way with a time constant of decay of approximately 500 years. It should 
be noted that in this simple approximation to what is undoubtedly a very 
complicated state of affairs, the reciprocal time constants calculated separately 
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from the three orthogonal field components are barely significantly different. 
Furthermore, the contributions to the secular variation, illustrated in Table 
III, are for two field components probably greater than the r.m.s. uncertainties 
in the data. 


value in gommas per yeor of residual seculor variation 


0 od L Ps es 


=I 0 +1 +2. “a +4x10°% 


r.m.s. 


Reciprocal time constant of non-dipole field in years” 


Fic. 3. The r.m.s. value in gammas per year of residual ¥ Y, Z fields plotted against 
the reciprocal time constant of the non-dipole field for Canada, epoch 1955.0. 


TABLE III 


VALUES OF THE TIME CONSTANT OF DECAY OF THE NON-DIPOLE FIELD IN CANADA, EPOCH 

1955.0, OBTAINED BY MINIMIZING THE RESIDUAL SECULAR VARIATION AFTER SUBTRACTING 

THE RATE OF CHANGE OF THE NON-DIPOLE FIELD FROM THE OBSERVED VARIATION. THE R.M.S. 
MINIMUM VALUES ARE SHOWN IN COLUMN 2 AND THE INITIAL R.M.S. VALUE IN COLUMN 1 





r.m.s. secular 
variation in y/year 
a, years"! T, years 2 


North component 


2.2+0.1X10"3 460 
East component 1.2+0.2X10-3 830 
Vertical component 2.7+40.3X10-3 370 


Weighted mean 2.140.110" 480+20 


VI. A LEAST-SQUARES SOLUTION 


As a consequence of the result outlined above it seemed worth while to 
subtract from the observed secular variation field the field produced by the 
decay of the non-dipole field (axial dipole subtracted), with a time constant 
of about 500 years, and examine the relationship between the residual secular 
variation field and the drift of the non-dipole field. Rather than do this and 
then repeat the calculations of Section IV, it was decided to attempt analysis 
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of the three effects (decay or growth, drift in two orthogonal directions) 
together by a least squares solution of the form 


dH aH, 
dt Or 
with the notation used before. Terms corresponding to the possible rotation 
of regional field centers were ignored since, in general, these cannot be ex- 
pressed in simple analytic terms, although a workable approximation is 
possible if the non-dipole field is assumed to rotate about an axis perpen- 
dicular to the earth’s surface and if the axis of rotation is somewhere in the 
center of the region under investigation. 
The least squares solutions were found for X, Y, and Z together, i.e. for 
more than 300 equations, and resulted in the following values: 


a = 2.02X10-? (T = 495 years), 


oH, 
(¢, \)—1% Od (¢, A) 


(¢, A) = —aH,(¢, A)—7r 


r, = 8X10-* degrees east per year, 
ry = 6X10-* degrees south per year. 


These three parameters account for a maximum 32% of the secular variation 
field, of which 28% is produced by the decay term. It is clear therefore that 
‘after subtraction of the secular variation produced by the decay term, the 
residual secular variation field cannot be related to appreciable drift of the 
non-dipole field. The optimum drift terms are now some twenty or thirty 
times smaller than the values of drift generally accepted and produce a 
negligible (~4%) contribution to the secular variation. The probable errors 
in the drift terms have not been calculated, but it is certain that the small 
rates of drift have no statistical significance and are induced into the solution 
by random errors. The absence of appreciable drift effects, found in Section 
IV above, is thus confirmed, even after allowance for decay of the non-dipole 
field. 

Because the Z field is the largest, the least squares solution outlined above 
reflects very largely the fit to the vertical field data. However, separate 
solutions for the three orthogonal field components confirmed the essentially 
negative results of Section IV, and the results of Section V. 

Using the same data, an attempt was made to assess the influence of 
neglecting changes in the axial dipole itself. If, at 1955.0, g:° is changing at a 
rate g,°, then the contribution to X¥ in Canada in the limited region considered 
(45 degrees to 75 degrees north) would average 0.49 g,° and to Z, 1.7 g;°. The 
contribution to Y would be zero. The equations were solved with the addition 
of three unknown constants, one in each of the X, Y, and Z equations and 
representing the averaged possible effect of a change in the axial dipole. The 
least squares solutions for these three constants were +12 gammas per year 
for X, 0 gammas per year for Y, and —38 gammas per year for Z. The change 
in sign prevents any interpretation of the result in terms of the secular varia- 
tion of the axial dipole. Furthermore since the completion of these calculations, 
Nagata and Rikitake (1957) have published an analysis from which it can 
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be estimated that at 1952.5, X in the region should be decreasing at 3-4 
gammas per year and Z decreasing at 10-15 gammas per year. There is thus 
complete disagreement between these estimates and the values obtained 
in the least squares solution. 

Regarded empirically, with the addition of these extra terms in the ex- 
pressions for the observed secular variation, the r.m.s. residuals are found 
to be approximately one-half of the observed secular variation instead of the 
two-thirds obtained in the previous solution. In this second solution the only 
terms of importance are the three constant terms mentioned above and an 
apparently large northward drift, the effect of decay of the non-dipole field 
and its easterly or westerly drift now being negligible. Table IV summarizes 
the results. It can be shown that the first calculation with some physical 















TABLE IV 


THE DRIFT RATES AND DECAY CONSTANTS OF THE NON-DIPOLE FIELD IN CANADA, EPOCH 
1955.0, OBTAINED FROM LEAST SQUARES SOLUTIONS FOR THE OBSERVED SECULAR VARIATION. 
THE INITIAL R.M.S. VALUE OF SECULAR VARIATION IS SHOWN IN COLUMN 1, THE VALUE AFTER 
ALLOWING FOR THE CONTRIBUTION OF THE DECAY TERMS IN COLUMN 2 AND THE FINAL MINIMUM 


VALUE ALLOWING FOR DECAY AND DRIFTS IN COLUMN 3. BECAUSE THE EQUATIONS FOR X, Y, 
Z WERE CONSIDERED TOGETHER, THE R.M.S. VALUES OF SECULAR VARIATION REPRESENT A 
MEAN TAKEN OVER X, Y, ANDZ 
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terms, variation, y/year 
Non-dipole field y/year T, years 1, °/year ry, °/year 1 2 3 
Axial dipole sub- Assumed 490 8 XI10°°E. 6X10°°S. 19 14 13 
tracted zero 
a= 12 ) 
b= O } —8600 19X10-°E. 430XK10°N. 19 19 9 
o = —38 } 
Inclined dipole Assumed 440 11X10°° E. 44X10°°S. 19 17 14 





subtracted zero 






interpretation, even if a disappointing one, does not produce as good a fit 
statistically to the secular variation field as does the simple assumption that 
it is constant over the entire area of Canada. Thus if the algebraic mean 
values of secular variation are adopted, the residual r.m.s. field is only 12 
gammas per year, which is less than the first residual in Table IV though 
still an unsatisfactory fit. 

In summary it is clear that the drift and decay of the non-dipole field 
corresponding to the subtraction of the axial dipole cannot account at all 
successfully for the observed secular variation in this region where there 
are no large isoporic centers. In particular there is no evidence for westward 
drift of the magnitude expected and a gross approximation of uniform secular 
variation over the entire region provides a better empirical fit than the theory 














outlined above. 

So far it has been assumed that the main primary field is essentially that 
represented by the axial dipole, which is suggested by observations in historic 
times (Brynjolfsson 1957) and by older palaeomagnetic studies (Hospers 
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1954). However, the possibility existed that by using the non-dipole field 
produced by subtraction of the inclined dipole at epoch 1955.0, substantially 
different results might be obtained. The residual non-dipole field after sub- 
traction of the estimated field of the inclined dipole has been described in 
Section II. 

Using the magnitude and gradients of this residual field which were calcu- 
lated in a way similar to that described earlier, another least squares calcu- 
lation was made, and resulted in the following values: 


a = 2.29X10-3 (T = 440 yr), 
r, = 11X10-* degrees east per year, 
re = 44X10-* degrees south per year. 


These three parameters account for 25% only of the observed secular variation 
field, of which the decay time accounts for 9% and the predominantly south- 
ward drift 16%. These results are summarized also in Table IV, and change 
none of the conclusions above. 


VII. WESTWARD DRIFT IN CANADA BY LONGITUDE DISPLACEMENT 
METHOD 

The non-dipole fields (inclined dipole subtracted) for epochs 1907.5 and 
1945 have been analyzed statistically by Bullard, Freedman, Gellman, and 
Nixon (1950), using the 1945 world charts prepared by Vestine, Lange, Laporte, 
and Scott (1947) and using their analyses of the secular variation for epochs 
1912.5 to 1942.5 at 10 year intervals to compute the field in 1907.5. The 
displacement in longitude necessary to produce the best fit between the non- 
dipole fields at the two different epochs was calculated for each field component 
and for a number of parallels of latitude. It was found that between 1907.5 
and 1945, the mean westward drift of the world-wide non-dipole field was 
0.180+0.015 degrees per year with no systematic differences between any of 
the three components, and with no change of drift with latitude in excess 
of that to be expected from the uncertainty of the determination. The mean 
drift evidenced by six notable features of the field was 0.27 degrees per year 
with considerable variation. Bullard, Freedman, Gellman, and Nixon (1950) 
conclude that the motion appears to be a uniform westward rotation super- 
posed on local fluctuations. 

It is not possible to use a similar method to verify the existence of westward 
drift using field data compiled at the Dominion Observatory, since there are 
no force component charts available prior to those of epoch 1955.0: this 
reflects the lack of a sufficient density of stations until the intensive postwar 
surveys were completed. However, five declination charts have ‘been issued 
from 1922.5 to 1955.0, and the change in longitude of the agonic line was 
estimated at four latitudes from 50 to 65 degrees north. Over this period of 
time a steady westward drift of 0.043+0.009 degrees westward per year is 
found, which is surprisingly low. The motion of the second outstanding 
field feature—the north magnetic dip-pole—has been discussed by Whitham 
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and Loomer (1956) and shows no appreciable westward drift, but a mean 
northerly drift of 0.08 degrees north per year over the last few years. 

These results, together with the negative results outlined previously, 
suggested a re-examination of the data of Bullard et a/. (1950) for the longitudes 
210 degrees east to 310 degrees east and for latitudes 80, 70, 60, 50, and 40 
degrees north. For three components, the difference in the field H,; at epoch 
t; and Hy» at epoch fo, « = H,(A) —H2(A+D), was estimated, and the value of 
D to make }-é a minimum found. D is then the mean drift over 37.5 years. 
The results are shown in Fig. 4 and clear minima are found in all cases except 
Y at 80 degrees north, which is not surprising. Table V shows the values of D 
together with the standard deviations calculated on the basis of the 100 
independent observations assumed by Bullard et a/. (1950) for the entire 
earth on a proportional to area basis, and distributing the independent 
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Fic. 4. Ther.m.s. value in gammas of residual non-dipole field plotted against the longitude 
difference of the non-dipole fields for epochs 1907.5 and 1945, for X, Y, Z and latitudes 40° N., 
50°, N., 60° N., 70° N., and 80° N. 


TABLE V 
THE VALUES OF D IN DEGREES WEST OBTAINED FROM THE FIT OF THE NON-DIPOLE FIELD 
IN CANADA, EPOCH 1907.5, TO THAT OF THE NON-DIPOLE FIELD IN CANADA, EPOCH 1945 




















North East Vertical Weighted 
Latitude component component component mean 
80° N. 19.5+28.4 0.0+3.4 0.343.4 
70° N. 4.5418.2 1.5+8.5 5.5+4.1 4.7+3.6 
60° N. 0.0+12.2 2.0+4.9 4.84+4.5 3.343.2 
50° N. 0.0+8.3 2.0+2.2 4.0+8.2 2.042.0 
40° N. 11.0+4.7 1.61.1 2.6+6.3 2.0+1.1 
All 5 latitudes 4.5+5.4 2.0+2.2 3.543.1 2.7+1.6 


Weighted mean 7.543.8 1.6+0.9 2.94+2.0 2.1+0.8 
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observations among the circles of latitude in proportion to the length. This is 
grossly overestimating the standard deviations, since the complexity of the 
regional centers of the non-dipole fields in Canada cannot be adequately 
represented by such a small number of independent observations, as this 
assumption gives. In any case the relative weights are substantially correct, 
and the procedure in calculating the formal standard deviation is that given 
by Bullard et al. (1950). The results show considerable scatter, but there is no 
evidence of any regular variation with latitude as suggested by Hope (1957), 
and the results from this sample support the earlier idea that no change in 
angular velocity in excess of that to be expected from the uncertainty in 
determinations is found. The weighted mean of 14 results is D = 2.1+0.8 
degrees west in 37.5 years or 0.056+0.021 degrees west per year. This, perhaps 
accidentally, is in excellent agreement with the estimate made from the position 
of the agonic line and given above. However, it appears certain that in the 
region under consideration the rate is about one-third of the average for the 
world, or one-third of the world values published by Bullard et a/. (1950) for 
latitudes 80°, 60°, and 40° north. The difference appears greater than would 
be expected by random errors particularly since, as explained above, the 
standard deviations are really overestimated. Fig. 5 shows graphically a 
comparison of these D estimates for Canada and the world averages given 
_by Bullard e¢ al. (1950). 
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Fic. 5. Latitude variation of westward displacement of non-dipole field between 1907.5 
and 1945 for Canada (solid lines) and the world (dashed lines). 


It is now clear that in a region (~4% of the earth’s surface) the observed 
westward drift of the non-dipole field can be as small as one-third of the world 
average. If this is accepted as explanation of the negative results obtained 
concerning secular variation, the secular variation data must be sufficiently 
inaccurate that a contribution of ~10% from this reduced drift cannot be 
isolated by statistical means, and this is precisely what would be expected. 
The explanation thus seems consistent. 
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VIII. OTHER EVIDENCE FOR WESTWARD DRIFT 


The form of the D-J curves obtained from older observatories can be 
examined to comment usefully on westward drift. Runcorn (1956) has shown 
that the tendency for the north end of the magnetic vector to describe 
a clockwise curve in space viewed along the vector can be explained in long 
series of observations by the westward movement of a source such as a 
dipole below a fixed observatory, no matter whether the dipole is to the north 
or south of the station, and whatever its polarity. It is stated that this influence 
of westward drift is best seen in a long series of observations, and over shorter 
time intervals the effects of drift can be obscured. Runcorn (1956) suggests 
that Bauer’s oval curves (Bauer 1895; Hope 1957) are best explained this way, 
although Hope (1957) objects to this explanation on the grounds that the 
probable lifetime of a local isoporic focus of variation is too short and on the 
grounds of the speed of the phenomena. Neither of these objections can be 
sustained if the existence of several sources is allowed, and the geometry of 
movement and the decay of the sources are considered. 

If Runcorn’s (1956) evidence is examined, it is found that this clockwise 
tendency is commonly found in many parts of the world with the notable 
exception of the North American continent. For this reason and because of 
the strong evidence for the regional nature of westward drift outlined above, 
D-I curves were plotted for six North American observatories, three in the 
east and three in the west and with latitudes from 32.2 degrees to 69.2 degrees 
north. From the curves two things were clear: 

(i) There is no outstanding evidence, such as is common elsewhere, for the 
long term effects of westward drift, although the results from the two southerly 
observatories in the west of the continent and the most northerly observatory 
in the east do not contradict the hypothesis of westward drift. 

(ii) If the results for Cheltenham and Agincourt observatories are regarded 
as evidencing westward drift during the first forty years of this century, in 
the last seventeen years the effects of westward drift are completely obscured 
if not reversed. 

This investigation supports the idea that westward drift is comparatively 
minor in recent decades in this region. 










































IX. DESCRIPTION OF SECULAR VARIATION IN CANADA, EPOCH 1955.0 


There is still the possibility that the secular variation field used was seriously 
in error, although the alternative explanation of insignificant westward drift 
outlined above seems more reasonable. However, it was thought worthwhile 
to investigate the secular variation field using the graphical method of Lowes 
and Runcorn (1951) to see if any unusual result emerged. The horizontal 
components of the secular variation field are drawn on a gnomonic projection, 
and S-lines looked for, along which the vectors lie parallel for considerable 
distances. Such S-lines represent diametral planes in which sources lie, and 
Lowes and Runcorn (1951) in their analysis of the world-wide secular change 
field for epoch 1922.5 considered that the radial dipoles which best represent 
the field are located at the intersection of S-lines.The significance level of 
their calculations was about 10 gammas per year. In Canada, epoch 1955.0, 
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one clear S-line only is found, and from the vector change along this line it is 
not possible to estimate the locations of equivalent dipoles because the line 
is too short to warrant detailed calculations. The line cannot be extended 
because the secular variation field, believed to be true for Canada, epoch 
1955.0, is not compatible with the field in other regions and other charts. 
Furthermore the S-line obtained which is indicated in Fig. 6 is not shown 
at all by the Lowes—Runcorn (1951) analysis. 
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Fic. 6. Horizontal component of the secular variation field in Canada, epoch 1955.0, 
on a polar gnomonic projection showing the S-line found. 


This illustrates once more the difficulty in placing reliance on the secular 
change charts for detailed numerical analysis. However, the existence of the 
S-line in the Canadian data, and approximate calculations which show that 
the dipoles giving the most reasonable fit are distant from this segment of the 
line, indicate that we are dealing with a region where it is most reasonable 
to assume the foci of secular variation are quite distant. 


X. RELATIONSHIP BETWEEN THE SECULAR VARIATION AND THE 
NON-DIPOLE FIELD—WORLD RESULTS 

The development above can explain the apparent lack of any appreciable 
contribution to secular variation in Canada most reasonably by the simple 
hypothesis, for which supporting evidence has been produced, that westward 
drift now and in recent decades is very small in Canada. Since the existence 
of westward drift as an average world-wide phenomenon is not doubted, it is 
of interest to examine the published spherical harmonic analyses of the main 
field and the secular variation in order to see if the world-wide relationship 
can be deduced analytically from these Gaussian coefficients using in principle 
the minimum method described in Section IV. It turns out to be quite possible. 
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Using the expression in Section III, the following field gradients at the 
surface of the earth are obtained parallel to the circles of latitude 
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The contributions for the three components to the observed secular variation 
from a drift rate of r, degrees east per year are 
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The observed secular variation at the same epoch can be written 
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The method consists of minimizing 


dX any 
(Ss +r 


averaged over the entire world, and similarly for the other two components. 
The average value of sin’m\, cos’mX over all longitudes is equal to $ and the 
average value of sin mX, cos md is equal to 0. When the orthogonality relation- 
ships of the spherical harmonic functions are considered, for all three com- 
ponents, a minimum is required in the expression 







(2 +-mryhm)?+ (he —mrygn)?* for each m, n. 





This condition is met, when m = 0, for 
salle fmm —nmen\ 
om mom +hrhr mf: 


The value of r, for each value of m, n (m ¥ 0) can thus be estimated when 
the Gaussian coefficients of the main field and the secular variation are known 
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for the same epoch. Also it can be estimated from the minimum value of the 
expression that, with this optimum drift, a fraction x of the observed secular 
change field can, on the average, be accounted for by means of this value of 
drift. 

For any m, n(m # 0), x can be shown equal to 


i+ ggt+hh 


where the sign is taken so that x < 1. 

In general it is not possible to find values of the Gaussian coefficients for 
the main field and the secular variation field referred to exactly the same 
epoch and preferably calculated by the same author, so as to ensure uniformity 
of weighting procedures and so on. However, the Gaussian coefficients for 
the main field, epoch 1945.0, and the secular variation field epoch 1942.5 
have been published by Vestine, Lange, Laporte, and Scott (1947). Table VI 
shows the results from this pair of analyses, and in addition the results from 
combining the Dyson—Furner (1923) analysis of the main field, epoch 1922, 


TABLE VI 


THE RATES OF WESTWARD DRIFT OF THE DIFFERENT HARMONIC CONSTITUENTS OF THE FIELD, 
“ OBTAINED BY MINIMIZING THE RESIDUAL SECULAR VARIATION AFTER SUBTRACTING THE DRIFT 
seu 


CONTRIBUTIONS TO THE SECULAR VARIATION. THE COLUMNS ‘‘x’’ SHOW THE PERCENTAGE OF 
THE SECULAR VARIATION EXPLAINED BY THE CORRESPONDING RATE OF DRIFT 





1945 main field 1922 main field 
1942.5 secular variation 1922.5 secular variation 
field field 


n ry, °/year W. 6% ry, °/year W. 





1 2X10 88 1X10? 
2 29 X 107? 51 13X10-? 
2 23 X 107? 56 47X10? 
3 3X10 10 —3X 10+ 
3 —8X107 32 —4X10? 
3 : 22X10 97 38X10 





Mean (n = 2, 3) 114X107? 49 18X 107? 
Weighted mean of 
all six harmonics 23 X 107? 53 32X 107? 


with the secular variation analysis of Vestine, et al. (1947) for epoch 1922.5. 
This latter pair of analyses refers almost exactly to the same epoch, but 
would be expected to produce substantially less reliable results because of 
the different basic data available to the authors. Table VI shows clearly, for 
both cases, that in general the harmonic constituents of the non-dipole field 
drift westward at a rate about equal to that deduced by the different method 
of Bullard et al. (1950), and that slightly more than half of the observed 
secular variation can be explained by a drift of this magnitude. It should 
be remembered that drift is unable to influence the zonal terms (m = 0), 
and the average reduction in Table VI refers to the effects calculated when 
each individual harmonic is allowed to have its own rate of drift. It can be 
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shown that, defining the mean square secular variation F? = X?+ ¥?+Z? and 
neglecting the terms with » = 0, the largest contributions to F? averaged 
over the surface of the earth are the harmonics » = 2, m = 1, 2 and n = 3, 
m = 3. The drift rates shown in Table VI have been weighted according to the 
contribution of the corresponding harmonic to the mean square secular 
variation and the resulting weighted means shown in Table VI. In any case, 
independent of the precise weight adopted or whether the harmonics are 
made to drift at exactly the same rate, a westward drift is inferred which 
can produce more than 50% of the observed secular variation. The other 
interesting feature evident in the results of Table VI is the very slight westward 
drift in the equatorial component of the central dipole (n = 1, m = 1). This 
substantiates the results of Bullard et al. (1950) using a different method 
mentioned below. It is very difficult to assess the accuracy of the results in 
Table VI, because the results obtained from harmonics vary according to 
the region given most weight in computing the coefficients used, and with the 
weighting procedure used. It is, however, interesting to note that in both 
cases the harmonics with m = 3, m = 1 and 2 appear anomalous in agreement 
with the method described below. 

A similar formal application of the longitude displacement method can be 
made, using the Gaussian coefficients for different epochs. Suppose for any 
harmonic m, n, the Gaussian coefficients have values g;, i; at epoch h, and ge, 
hy at a later epoch t,. Then this method, as described in Section VII, can be 
formally written as follows: « = H2(0,\+D)—H,(6, ) for three components 
X, Y, Z. The eastward drift is D degrees in time (t2—¢,), and is deter- 
mined by minimizing [fédS over the surface of the earth. The condition be- 
comes the same for all three components, namely 


(ge cos mD+hz sin mD — g;)?+(—ge sin mD+ hy cos mD — hy)? 


is a minimum. This is true when 


Thus the drift of the different harmonics can be calculated between any 
two epochs for which Gaussian coefficients are available. This method is 
really identical with that published by Bullard, Freedman, Gellman, and 
Nixon (1950), in which 

gn cos m\+h* sin md 


is written equal to 
Cn cos m(A—)z'), where tan mdz = (ht /gi*). 


Then the above expression can be written tan mD = tan m(\.—\,), anda 
plot of d” against time is used to deduce the drift of the harmonic components. 
The results obtained have been listed by Bullard et al. (1950) for two different 
intervals, and show substantial westward drift except again for the com- 
ponents » = 3, m = 1, 2, which appear anomalous. 

This same method can be used to assess the effect of the decay or growth 
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of non-dipole field on the secular variation, after the manner tried for Canada 
and described in Section V above. If the time constant of assumed exponential 
decay is 1/a years, then for a maximum contribution to secular variation 
(g+ga)?+(h+ha)? is required to be a minimum, and for each harmonic 
m, n it is possible to estimate the appropriate value of a from the expression 


_ _Sgg-+hh\ 
~— {beset i 


_Sggt+hh\ 
lee-+thhS ° 


The fraction y of the observed secular variation which can be accounted for 
by means of the decay terms for any m, n can be shown equal to 
ia 3t 
Y= IAT LE TED 
where the sign is taken so that y < 1. 

Table VII shows the calculated values for 7 from the data for epochs 
1945 (main field) and 1942.5 (secular change field). The contributions to 
secular variation are effectively negligible except for the cases n = 3,m = 1, 2, 
which both correspond to growing fields with time constants of a few hundred 
years. It is doubtful therefore if the time constants listed in Table VII can 
be reasonably inferred to exist, except possibly for the cases n = 3, m = 1, 2, 
which it will be noted were suspected above to be anomalous and possibly 
in error. It was not considered worthwhile making further detailed calcu- 
lations of this nature. An approximate estimate of the world-wide contribution 
to secular variation using a weighted time constant of 660 years is about 10% 


only. 


Le.) = 


TABLE VII 


VALUES OF THE TIME CONSTANT OF DECAY OF THE DIFFERENT 
HARMONIC CONSTITUENTS OF THE FIELD, OBTAINED BY MINI- 
MIZING THE RESIDUAL SECULAR VARIATION AFTER SUBTRACTING 
THE RATE OF CHANGE OF THE DIFFERENT HARMONICS OF THE 
FIELD FROM THE SECULAR VARIATION. THE COLUMN LABELLED 
“‘y’" SHOWS THE PERCENTAGE OF THE SECULAR VARIATION 
EXPLAINED BY THE CORRESPONDING TIME CONSTANT 


1942.5 secular variation 
field 
T, years y, % 
—2.4X10! 0 
—350 12 
+700 2 
— 260 85 
—340 
+2.6X 108 0 


XI. SUMMARY AND CONCLUSIONS 


Two different methods have been used to investigate the westward drift 
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of the non-dipole field in Canada. The first method utilizes the isomagnetic 
and isoporic charts for Canada, epoch 1955.0. From an investigation of the 
contribution of westward drift of the non-dipole field towards the observed 
secular variation, it is concluded that such contributions in Canada at epoch 
1955.0 are unimportant and westward drift is negligible. The same method 
shows that the influence of northward drift is also unimportant. The drift 
rates and contributions are unimportant whether the inclined dipole or whether 
the axial dipole field is subtracted from the main field. The second method 
consists of a re-examination of that portion of the data published by Bullard, 
Freedman, Gellman, and Nixon (1950), appropriate for Canada, and confirms 
the existence of a westward drift rate in recent years in Canada some three 
times smaller than the world-wide average, the difference being statistically 
significant. It is therefore concluded that significant large changes in the 
rate of westward drift can be found between a region occupying about one 
thirtieth of the surface of the earth and the world average. This investigation 
confirms that large local fluctuations in the rate of drift do occur, but the 
latitude variation evidence does not substantiate Hope’s (1957) argument 
that westward drift varies systematically with latitude. Local fluctuations 
of the kind considered here can, apparently, explain the rather random 
changes with latitude found by Bullard et a/. (1950). Certain minor supporting 
evidence for the low value of westward drift suggests that this local fluctuation 
may have been in existence for a period of 100 years or more. 

An extension of one of the methods allows an estimate to be made of the 
contribution to secular variation obtained from the ex»onential decay or 
growth of the non-dipole field. In Canada, this method produces the best 
empirical approach to the secular variation with a quite reasonable time 
constant of decay of about 500 years. The result is, however, useless as a 
practical aid in constructing isoporic charts. Furthermore analogous calcu- 
lations on a world-wide basis show that such effects are, in general, very 
complicated and not at all uniform for different harmonics. The result in 
Canada may be partially explained by the fact that the isoporic features in 
Canada largely influence the = 3, m = 1 (and secondarily = 3, m = 2) 
terms in the world-wide analyses and as can be seen in Table VII, these 
harmonics are anomalous, although they indicate growth with about the 
same time constant as the decay time constant found in Section V. 

If the explanation of westward drift given by Bullard, Freedman, Gellman, 
and Nixon (1950) is accepted, this local fluctuation (decrease in westward 
drift in Canada) requires that the outer part of the core in this region is 
moving less slowly than the inside part of the core than is the case on the 
average throughout the core. This indicates that in this region convective 
overturn is smaller; presumably, if the detailed regional nature of westward 
drift could be determined, some ideas of the structure of the convective 
motions inside the core would result. If westward drift is supposed due to 
the westward motion of eddies in the core through the general body of fluid, 
since an appreciable eddy might be expected in this region because of the 
large centers of non-dipole field located there, this eddy cannot be partaking 
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of the general westward motion. This may be caused by an unusual depth 
in the core. None of the results discussed above seem capable of helping 
decide whether the present average world rate of westward drift is largely 
accidental (Runcorn 1956), or whether it has considerable historical signifi- 
cance, as is suggested by the palaeomagnetic results of Brynjolfsson (1957). 

In any case the calculations above suggest that recent techniques leading 
to the production of better isomagnetic charts (Serson and Whitham 1958) 
will not lead, by analytic approaches of this kind, to improvements in the 
isoporic charts. Furthermore, the calculations in themselves do not suggest 
that it is incorrect to ascribe secular variation to induction processes inside 
the core, but show that a substantial proportion of the secular change field 
might be produced by physical processes above the Curie point level without 
contradicting any of the numerical estimates made. 
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ACCURACY OF OPTICAL PYROMETRY IN THE RANGE 
800° C TO 4000° C' 


D. R. Lovejoy 


ABSTRACT 


A pair of secondary standard tungsten strip lamps have had a luminance 
temperature — current calibration, in the range 800° C to 2200° C, at a number 
of national laboratories. An analysis of the calibration results confirms estimates 
of the accuracy of optical pyrometry in the range 800° C to 2200° C and supports 
the extension of these estimates to 4000° C. The standard deviation uncertainty 
of optical pyrometry is shown to be about 1° C at 800° C rising to 2° C at 2200° C 
and 10° C at 4000° C, being about double this for the calibration of commercial 
pyrometers unless certain described precautions are taken. 

The reliability of the secondary standard lamps, when used under well-defined 
conditions, is confirmed and it is shown that they have a standard deviation 
calibration uncertainty of about 1° C for the vacuum-type lamps in the range 
800° C to 1500° C and 2°C for the gas-filled lamps in the range 1500°C to 
2200° C. Most of this uncertainty is due to primary standard optical pyrometer 
calibration errors. Attention is drawn to the fact that a carbon arc fulfills the 
requirements of a secondary luminance temperature standard at about 3514° C. 

Recent determinations of the gold point and the second radiation constant 
indicate that the 1948 International Temperature Scale is lower than the thermo- 
dynamic scale by an amount varying from 0.8° C at 800° C to 12° C at 4000° C. 
This is already greater than the calibration errors of optical pyrometry and, in 
view of the still greater accuracies presaged by photomultipliers, a revision of the 
International Temperature Scale is suggested. 


INTRODUCTION 


The disappearing filament optical pyrometer competes with total radiation 
pyrometers and refractory metal thermocouples in temperature measurements 
above 800° C. Above 1063° C the International Temperature Scale, in order 
to relate to the thermodynamic scale, is defined in terms of Planck’s law 
using monochromatic radiation. The calibration of the optical pyrometer 
alone satisfies this definition, and other instruments, though in some cases 
slightly more sensitive or more convenient, must be calibrated against it. 
A knowledge of its absolute accuracy is therefore of fundamental importance 
to all temperature measurements in the high temperature region. Rough 
estimates of accuracy are easily made, but more precise information based 
on experimental evidence is not easy to find. 

Secondary standard tungsten strip lamps are widely used in the calibration 
of optical pyrometers and if they are not overrun and are used in a well-defined 
way they retain their luminance temperature -- current calibration and provide 
a highly reproducible source of luminance temperature standards in the 
range 800° C to 2200° C. From the calibrations of a set of secondary standard 
lamps in a number of standardizing laboratories the accuracy of optical 
pyrometry can be deduced. The only such exchange so far reported, by 
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Forsythe (1931), although a good indication of the accord among the labora- 
tories .uncerned, was of little use for our purpose because the characteristics 
of the lamps had not been properly studied at the time and much of the 
spread of the calibrations must have been due to the lamps rather than the 
optical pyrometry. 

This paper will deal with the results of a recent exchange in which this 
laboratory participated; with the accuracies which can be deduced from these 
results; with a discussion of accuracies at temperatures above 2200° C and 
hence not included in the comparison; with the kind of accuracies which 
might reasonably be expected in laboratories not equipped to do their own 
primary calibrations; with improvements in optical pyrometry and in the 
International Temperature Scale. 


National R search Council Primary Standard Optical Pyrometer 

As part of the temperature standardization program of the National 
Research Council, a primary standard disappearing filament optical pyro- 
meter has been built and calibrated and a number of secondary standard 
tungsten strip lamps calibrated from it. 

The pyrometer uses the optics only of a Pyrometer Instrument Company 
micro-optical pyrometer. It has a pair of interchangeable pyrometer lamps 
‘on a rigid sliding mount. One of them is a 1-mil-wide flat filament vacuum 
lamp supplied by the National Physical Laboratory of England and identical 
with those used in the primary standard pyrometer there, and the other 
is a lamp of very similar size and construction, manufactured for use in 
Leeds and Northrup optical pyrometers. The approximate currents at the 
gold point are 34 ma and 47 ma respectively, but the lamps are not otherwise 
significantly different in performance. The entrance angle of the pyrometer 
is 0.16 radians and the exit angle, in accord with the criterion of Fairchild 
and Hoover (1923), is 0.05 radians. Corning 2403 glass is used for the red 
filter, while the two absorption filters are of Chance ON30 neutral glass. All 
pyrometer lamps and absorption filters were independently calibrated using a 
set of 11 specially constructed rotating sectored disks of accurately known 
transmission and a horizontal sighting furnace, similar to that described by 
Barber (1950), for the gold-point determinations. Effective wavelengths of the 
filters were determined from measured spectral transmittances, the 1931 
C.I.E. standard observer luminosity function, and Planck’s function at 
different temperatures. The usual calibration procedures have been followed 
and these have been described elsewhere, for example, in the article by 
Forsythe (1941). 


Secondary Standard Lamp International Comparison 

To check the agreement of the temperature scale thus established with that 
maintained in some other national laboratories a pair of secondary standard 
tungsten strip lamps was sent for calibration to the following national labora- 
tories—National Bureau of Standards, Washington, U.S.A. (two calibrations) ; 
Physikalisch Technische Bundesanstalt, Braunschweig, Germany; Deutsches 
Amt fiir Mass und Gewicht, Berlin, Germany. The lamps had at earlier dates 
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been aged and routinely calibrated by the National Physical Laboratory, 
Teddington, England. Two calibrations from this laboratory brought the 
total to seven luminance temperature calibrations, five of them independent, 
at seven different current settings on each of the two lamps. 

Lamp No. 421 was a 1.3-mm-wide vertical tungsten strip vacuum lamp 
calibrated in the range 800° C to 1400° C, while No. 242 was a 1.3-mm-wide 
vertical tungsten strip gas-filled lamp calibrated in the range 1300°C to 
2200° C. They were both made by the General Electric Company of England. 
Each lamp was calibrated with its filament set vertical by means of plumb 
lines and with the pyrometer sighted on the center of the filament at the part 
indicated by the notch, the point of the marker on the glass envelope being 
coincident with the notch in the field of the pyrometer. The filament was 
between the axis of the lamp and the pyrometer. The center contact of the 
lamp was positive. Each luminance temperature calibration was corrected to 
a common set of mean effective wavelengths, near 0.65 y, and the calibrations 
are shown in Table I to the nearest degree, along with the mean of the seven 
calibrations at each current setting and the standard deviation about the mean. 


TABLE | 


LUMINANCE TEMPERATURE — CURRENT CALIBRATIONS FOR TWO SECONDARY STANDARD LAMPS 
AT NATIONAL LABORATORIES 


Standard 


DAMG NBS NBS NRC NRC PTB 


Amp NPL* 1958 1957 1958 1957 1958 1957 Mean deviation 





Lamp No. 421 

3.15 800°C 796°C 799°C 798°C 797°C 798°C 798°C 798°C a 

3.62 900 898 899 899 897 898 898 898 0 

21 1000 1000 1000 1000 998 999 1000 1000 8 

.92 1101 1103 1102 1103 1102 1103 1103 1102 8 
1201 1204 1202 1202 1201 1203 1203 1202 0 
1301 1304 1301 1302 1301 1302 1303 1302 0 
1401 1402 1400 1401 1402 1399 1401 1401 


camp No. 242 

8.62 1271 1268 1269 1267 1269 1267 1267 1268 
9.77 1423 1419 1420 1420 1419 1416 1420 1420 
10.90 1553 1549 1548 1550 1549 1550 1550 1550 
12.99 1764 1761 1760 1760 1762 1764 1763 1762 
15.07 1953 1951 1951 1950 1952 1953 1953 1952 
16.16 2050 2043 2044 2043 2043 2048 2048 2046 
18.28 2218 2215 2217 2216 2218 2220 2219 2218 


*The NPL listings are based on routine calibrations made in 1947 for lamp No. 242 and in 1951 for lamp No. 421. 


The National Physical Laboratory routine calibration on lamp No. 242 has been 
corrected to the 1948 International Temperature Scale. Further details about 
the calibration in the various laboratories and the set of mean effective 
wavelengths used are being published elsewhere: Lovejoy, Kostkowski, Kunz, 
and Wagenbreth (1958 session of the C.I.P.M.). 


Secondary Standard Lamp Errors 

The deviations in the results presented in Table I arise from two sources. 
First there are lamp errors associated with possible small changes in the 
lamp calibration and small departures from the standard conditions laid 
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down for the calibrations. Secondly there are errors in the realization of the 
International Temperature Scale due to pyrometer calibration errors and 
in this we may include the photometric matching error of the pyrometer 
which corresponds to its precision or reproducibility. Estimates of all these 
errors are presented in Table II at 800°C, 1100°C, and 1400°C for the 
vacuum type of lamp and at 1400° C, 1800° C, and 2200° C for the gas-filled 
type. 


TABLE II 


SOURCES OF ERROR IN SECONDARY STANDARD LAMP CALIBRATIONS 





Vacuum lamp Gas-filled lamp 
so0°C §=1100°C 1400°C 1400°C 1800°C 2200°C 











Lamp errors: 
Constancy of calibration 
after many hours at high 
temperature Fe aC: O25€ 05: C O.FC 6.6°C 
Angle of sighting in error by 
2 degrees (marker not 
accurately aligned with 


notch) 0 0 0.2 2 0.4 0.5 
Error of 1 my in X- 0 0 0.2 0.2 0.4 0.5 
Strip filament tilted2degrees 0 0 0 1.0 0.5 0 
Ambient change of 2° C 0.3 0 0 0 0 0 

Optical pyrometer errors: 
0.3°C error at gold point 0.2 0.3 0.5 0.5 0.7 1.0 
Sectored disk 0.5 0 0.3 0.3 0.5 0.7 
Error 0.5 my in X, during 

sectored-disk calibration 0.2 0 0.3 0.3 0.8 1.6 

Photometric matching 0.7 0.3 0.5 0.5 0.7 1.0 
Total lamp and pyrometer 

standard deviation error Lee Bec 2c LAC Lee £4¢€ 
Optical pyrometer alone OFC O45 O:8°C Ose Lee. 22°¢€ 








An exhaustive study of secondary standard lamps of the type being discussed 
has been made by Barber (1946) and the calibration procedure used follows 
his recommendations. The values listed as lamp errors in Table II are based 
on Barber’s quantitative work, some of which has been verified in this labora- 
tory. However, estimates of standard deviation departures from the standard 
conditions, on which the selection of the values depends, are the author’s. 
These errors comprise calibration fluctuations, angle of sighting errors, 
effective wavelengths errors, vertical alignment errors, and ambient tempera- 
ture errors. 

The first lamp error is the fluctuations of the lamp calibration after many 
hours of running the lamp at its maximum operating temperature. The 
fluctuations reported by Barber are random and so are presumably not due 
to evaporation of the tungsten; they may be due to surface contaminants. De 
Vos (1954) has shown that tungsten ribbon can be prepared sufficiently 
free of surface contaminants to show no detectable variations in emissivity, 
but this involved an annealing schedule which could only be carried out before 
the envelope of the lamp was sealed off. He also showed that high temperature 
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recrystallization of the tungsten would have no detectable effect on the 
emissivity. Errors associated with variations in angle of sighting are due to the 
failure of Lambert’s law and to internal reflections from the glass envelope. 
The mean effective wavelength error arises because two optical pyrometers 
with different filters sighted on the same non-black body see it at different 
luminance temperatures corresponding to different mean effective wavelengths 
of the respective filters between the luminance temperature and the color 
temperature of the source. The method of correction to a common mean effec- 
tive wavelength was first described by Forsythe (1917) and is also discussed 
in Barber’s paper. Tilting the filaments of the gas-filled lamps from the vertical 
changes the convection currents and affects the temperature of the strip 
except at the higher temperatures. Changes in ambient temperature have a 
small effect on the vacuum lamp at the lowest temperatures but a much 
larger one on the gas-filled lamp. It is for these last two reasons that vacuum 
lamps are preferred to gas-filled lamps at lower temperatures. In addition the 
vacuum lamp strip has 50 mm of effective length as against 35 mm for the 
gas-filled lamp. The greater length leads to more uniform temperature distri- 
butions at lower temperatures without the heavy current supply which would 
be necessary if the same length of strip was used at higher temperatures. 


Accuracy in the Range 800° C to 2200° C 

Consider now the optical pyrometer errors listed in Table II. These comprise 
gold-point errors, sectored disk errors, effective wavelength errors, and photo- 
metric matching errors. An error in the pyrometer lamp current calibration 
at the gold point results in proportional errors throughout the scale. The 
uncertainty of 0.3° C quoted is based on work in this laboratory on repro- 
ducibility of gold freezes and on differences between gold freezes and melts 
and between freezes and calibrations at the gold point with standard thermo- 
couples. Similarly the sectored-disk errors are based on work on the repro- 
ducibility of sectored-disk calibrations of pyrometer lamps, and above 1400° C 
on the reproducibility of measurements with absorption filters which have 
been calibrated with sectored disks. The mean effective wavelength errors 
are derived from the work of Probine and Bertaud (1954), who calculated 
calibration errors at the platinum point (1769° C) for each of the 38 observers 
whose individual luminosity functions were reported and used in the compiling 
of the C.I.E. 1931 standard observer luminosity function. This function is 
normally used in computing mean effective wavelengths. The standard 
deviation of the mean effective wavelength uncertainties from this cause was 
about 0.8 my, while from other causes (spectral transmittance measurement 
errors and integration errors) it is less than 0.1 my, as the author has verified. 
The figure of 0.5 my can be justified, since the average pyrometer readings of 
two observers are normally used. The photometric matching error represents 
the standard deviation of the means of many sets of pyrometer matches at a 
fixed temperature near the gold point. It is nearly equal to the effect of the 
gold-point uncertainty except near 800° C, where it increases as a consequence 
of the very low field brightness. 

The effect at the various temperatures of the optical pyrometer errors 
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discussed above were in most cases calculated by taking partial derivatives of 
Wien’s law. This may be expressed in the form: 
A= ee oat In ¢, 
To Ty C2 

where 7» is the source temperature reduced to the pyrometer lamp temperature 
7, (frequently the gold point) by a rotating sectored disk or absorption filter, 
of which the transmittance or effective transmittance, respectively, is ¢t. The 
mean effective wavelength from 7, to 7 for the red filter or red plus absorption 
filters is A,, and C2 is the second radiation constant which was assigned the 
value 1.438 cm deg in the 1948 International Temperature Scale. The A, or 
absorption value defined by the equation, is, in a good absorption filter, 
almost constant with change of source temperature. In the two N.R.C. 
absorption filters, for example, it varies by only about one part in a thousand 
over the entire range of use from 1400° C to 2800° C. The derivatives of Wien’s 


equation follow: 
aT _ (B)’ 
ef, \T/° 


From this can be calculated the error resulting from a given error at the gold 
‘point. 


aT2 _ Ts e ) 
Fae ; 


From this can be calculated the mean effective wavelength errors. If 72 is the 
luminance temperature and 7, the corresponding color temperature of the 
tungsten ribbon we have the equation used to obtain the mean effective 
wavelength errors given in Table II under lamp errors. 


oT 2 sae 7 de 1 5 
ot C2 t 
This equation gives a guide to the disk and absorption filter errors. Further 
we may put ¢ = 1, in which case we may regard At/t as the just noticeable 
difference in luminance. This is about 2% for photopic vision. The equation 
then enables photometric matching errors to be calculated except near 800° C, 
where the field brightness is too low for At/t to remain constant. 

The last two lines of Table II give the total standard deviation uncertainty 
at each temperature respectively for lamp and pyrometer errors and for 
pyrometer errors alone. Comparison of the total uncertainty with the errors in 
the last column of Table I shows that there is satisfactory agreement between 
the estimated and the experimental results. If an average value of 1° C is 
taken for the total standard deviation error of the vacuum lamp and 2° C for 
the gas-filled lamp, then all calibrations listed in Table I lie at, or within, two 
standard deviations of their means (95% level of the error function). 


Accuracy of the Platinum Freezing Point 
By extreme efforts the freezing points of a number of refractory metals 
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have been determined with an accuracy substantially greater than appears 
possible from Table II. The gold-point and photometric matching errors 
have both been improved on; the sectored-disk errors made less by the con- 
struction of special disks for the reduction of the given temperature to the 
gold point; the effective wavelength errors minimized by measuring individual 
observers’ luminosity functions or by using large numbers of observers to 
reduce the error of the mean. Possibly the most precise measurements yet 
made by more than one laboratory were those made at the platinum freezing 
point, which is of great importance in the setting up of both photometric 
standards and color temperature standards. 

Roeser, Caldwell, and Wensel (1931) of the National Bureau of Standards 
made a determination of the platinum point using two different pairs of 
specially constructed sectored disks, two pyrometer lamps, and two platinum 
ingots for a total of 43 platinum freezes and 47 gold freezes among the three 
observers. The standard deviation of the mean determination for each observer 
was about 0.4°C, which included all calibration errors except the mean 
effective wavelength error. From the Probine and Bertaud paper this would 
also amount to a standard deviation of the mean of the three of about 0.7° C, 
so the total standard deviation uncertainty due to pyrometer errors only was 
0.8° C. If account is also taken of the published estimates of imperfect black- 
body conditions and possible impurities in the platinum the total uncertainty 
of the platinum point is raised to 0.9° C. This is supported by the results of 
Schofield (1934) of the National Physical Laboratory and Hoffman and 
Tingwaldt (1934) of the Physikalisch-Technische Reichsanstalt, as may be 
seen from Table II}. The results of Table III have been corrected to the 
1948 International Temperature Scale using tables published by Corruccini 
(1949). 


TABLE III 
FREEZING POINT OF PLATINUM 


National Bureau of Standards 1769.1° C 


National Physical Laboratory 1768.9 
Physikalisch-Technische Reichsanstalt 1769.4 
Mean 1769.1°C 


Estimated standard deviation of each determination 0.9°C 





Accuracy in the Range 2200° C to 4000° C 

Tungsten strip lamps cannot be relied on to keep their luminance tempera- 
ture calibrations if run much above 2200° C (corresponding to a true tempera- 
ture some 260° C higher), so estimates of accuracy are not easy to confirm 
above this temperature. In Table IV the estimates of Table II have been 
extended to 2800° C, the highest calibration temperature for most commercial 
optical pyrometers, and to 4000° C, which would cover almost all temperature 
measurements of practical interest. 

Fortunately there is one check on these estimates in the literature. Chaney, 
Hamister, and Glass (1935) and MacPherson (1941), all working at the 
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TABLE IV 
OPTICAL PYROMETER CALIBRATION ERRORS 2200° C to 4000° C 


2200° C 2800° C 4000° C 


0.3° C at gold point LC"¢ 
Sectored disk 0.7 
0.5 my error in d- 1.6 
Photometric matching 1.0 


Total standard deviation 2 





National Carbon Company laboratories, have shown that under suitable 
conditions, with a current density greater than 1 amp mm, the positive 
crater of a carbon arc makes a highly reproducible luminance temperature 
source (corresponding to the sublimation point of carbon), which is fairly 
easy to realize. Comparative measurements on a carbon arc were made by 
Chaney, by Forsythe and Watson at the Nela Park laboratories of the General 
Electric Company, and by Wensel at the National Bureau of Standards. These 
measurements were reported by Forsythe (1941) and are listed in Table V 
corrected to the 1948 Scale. The standard deviation of 6° C at the mean 
temperature of 3514°C gives support to the estimates of Table IV. The 
‘ differences in Table V are, according to Wensel, not to be ascribed to differences 
in the arc. Accordingly it should be very useful as a secondary standard, 
particularly as lower temperature standards can be realized using the 
carbon arc.and appropriate absorption filters. 


TABLE V 


LUMINANCE TEMPERATURE OF A 
SPECIAL CARBON ARC 


National Carbon Company 3517° C 
Nela Park 3508 
National Bureau of Standards 3518 


Mean 3514° C 
Standard deviation eC 


For standards work it is necessary to know the color temperature in order 
to calculate effective wavelength corrections. Actually the distribution tem- 
perature, which is what the color temperature would be were it not for the 
cyanogen emission band in the blue, is required for the carbon arc. It has 
been reported by MacPherson (1941) to be 50° C higher than the luminance 
temperature and is probably close to the true sublimation temperature of the 
carbon. From this it can be deduced that an effective wavelength difference 
between two pyrometers of 7 my would lead to a luminance temperature 
difference of only 0.5° C so that the carbon arc is for practical pyrometric 
purposes a black-body source. 


Calibration and Accuracy of Non-Standard Optical Pyrometers 
In the best commercial optical pyrometers, as in the standard instruments, 
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the filament is made to disappear by varying the pyrometer-lamp current, 
which is then measured potentiometrically. These instruments are inherently 
comparable in performance to standard instruments except that the latter 
may have a larger aperture thus extending their range substantially below 
800° C. In Table II it was seen that the secondary standard lamp calibration 
errors are mainly due to the primary standard pyrometer calibration rather 
than to errors in the lamp itself. It follows then that a good non-standard 
pyrometer is capable of being calibrated, either against a secondary standard 
lamp (as at the National Research Council) or using such a lamp only as a 
transfer source from a primary standard pyrometer (as at the National Bureau 
of Standards), with an accuracy only slightly less than that of the primary 
standard pyrometer. 

However, in most cases the potentiometer and scale on the commercial in- 
struments are such as to prevent the realization of full accuracy. Furthermore 
the scale may become displaced or the potentiometer standard cell may 
deteriorate. For work of the highest accuracy it is therefore desirable to have 
a luminance temperature — lamp current calibration and to measure the lamp 
current by means of an external standard resistor and potentiometer. 

A second difficulty with a commercial pyrometer is that the effective wave- 
lengths of the filters are not usually known. The mean effective wavelength 
may range from 0.65 yw to 0.66 y near the gold point even among instruments 
of the same manufacture. This means that different optical pyrometers, 
correctly calibrated against a black-body source, and viewing the same 
tungsten strip source, would read temperatures with systematic differences 
of up to 1°C at 1063° C, up to 4° C at 2000° C, and up to 7° C at 2800° C. 
Since, in fact, the pyrometers are calibrated using a tungsten strip source these 
are the magnitudes of the mean effective wavelength corrections from the 
primary standard to the non-standard pyrometer. In most cases, of course, 
the errors from this source will be less than the extreme range given above. 
The proper correction can be made if the spectral transmittances of the 
filters are measured and sets of effective wavelengths computed. It would not 
strictly be necessary to do this if the standardizing laboratories used a black- 
body source (or carbon filament lamps, since carbon is for this purpose a good 
enough black body). However, when work of this accuracy is being done the 
calibration of the filter would probably be undertaken as a matter of course 
in any event. 

The routine calibration of optical pyrometers above 2200° C is normally 
done by deducing the 4 value (see above) of the absorption filter in mireds 
(microreciprocal degrees) below 2200° C and using this value to calibrate the 
scale above 2200° C. This is certainly justified to 2800° C, the usual upper 
limit of such calibrations. If a further check is desired it may be made up to 
2500° C by using as a transfer source, from a primary standard pyrometer, 
an overrun non-standard strip lamp. Above this temperature it is necessary 
to use a different transfer source. At the National Bureau of Standards a 
Sylvania zirconia arc lamp is used to provide a source at about 2800° C and 
the positive crater of an underrun carbon are from 3000° C to 3500° C. 
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Finally it may be asked whether the calibration of optical pyrometers is 
affected by changes in the ambient temperature. This has been studied by 
Urbain (1955), who has shown that at least for the Leeds and Northrup optical 
pyrometer, in the range 14°C to 30°C ambient, there is no detectable 
change of calibration, certainly above 1000° C. This is not true, however, of 
some European pyrometers, the lamps of which have too short filaments to 
give a uniform central temperature zone. 

Summing up we may say that good commercial optical pyrometers may 
be calibrated with a standard deviation uncertainty a little greater than 
that suggested in the earlier sections of this report, for primary standard 
instruments, if attention is paid to the points here discussed. In other cases 
a reasonable estimate of uncertainty would be double the standard pyrometer 
values or 2° C, whichever is greater. 


Improvements in Optical Pyrometry 

Improvements in the accuracy of optical pyrometry can be expected in the 
next few years. A number of standardizing laboratories are working on optical 
pyrometers in which the human eye is replaced by a photomultiplier as 
photometric match detector. This has the following advantages: 

1. Photometric matching error will be reduced to about 10-?° C, which 
‘ should mean also a corresponding improvement in the realization of the gold 
point. 

2. The use of an interference filter or prism monochromator will improve 
the mean effective wavelength error to about 0.1 mug. 

3. It will be possible to extend the lower range of optical pyrometry to 
overlap the resistance thermometer range at 630° C. 

4. Subjective judgment effects such as observer fatigue will be eliminated. 

An instrument of this kind is in use at the Mendeleev Institute of Metrology, 
Leningrad, and has been described by Kandyba and Kovalevskii (1956). 


Departure of the 1948 Scale from the Thermodynamic Scale 

One source of error which has not been discussed so far is the question of 
the agreement of the 1948 International Temperature Scale with the thermo- 
dynamic scale. The 1948 Scale is based on the use of monochromatic radiation 
with the freezing point of gold defined as 1336.2° K and using the value 1.438 
cm deg for the second radiation constant C. in Planck’s law. 

Recent determinations of the gold point by Moser, Otto, and Thomas (1957) 
using greatly improved methods of gas thermometry at high temperatures 
suggest a gold point of 1337.91° K +0.1° K. In addition a considerable im- 
provement in the knowledge of C, from atomic constants has been reported 
by DuMond and Cohen (1953), who give a value of 1.43884-+0.00008 cm deg. 
As a result of the gold-point change the 1948 Scale requires correcting by 
+1.7° C at the gold point and by +17° C at 4000° C. This is partly offset by 
the change in C, which points to a correction of 0° C at the gold point rising 
to —5° C at 4000° C. 

The deviations of the 1948 International Temperature Scale from the 
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thermodynamic scale are shown along with standard deviation uncertainties 
of optical pyrometry from 800° C to 4000° C in Fig. 1. 


° 
800 1200 1600 2000 2400 2800 3200 3600 4000 
TEMPERATURE °C 
Fic. 1. Standard deviation uncertainty of optical pyrometer calibrations (full line). 
Deviation of 1948 International Temperature Scale from the thermodynamic scale (broken 
line). 


CONCLUSIONS 


The standard deviation uncertainty of calibration of a primary standard 
quality optical pyrometer varies from about 1° C at 800° C to 2° C at 2200° C 
and[to 10° C at 4000° C. Good commercial pyrometers have about double 
this uncertainty unless special efforts are made to measure the lamp current 
accurately and to compute the effective wavelengths of the filters. On the 
other hand for special measurements an accuracy two or three times better 


than this may occasionally be achieved. 

The reliability of tungsten strip lamps, used under well-defined conditions, 
for secondary standards, has been confirmed. Their standard deviation un- 
certainty of calibration is about 1° C for vacuum lamps in the range 800° C 
to 1500° C, and about 2° C for gas-filled lamps in the range 1500° C to 2200° C, 
most of the uncertainty being due to the primary standard pyrometer cali- 
bration errors. The positive crater of a carbon are run under suitable conditions 
seems to fulfill the requirements of a high temperature secondary standard 
at about 3514° C. 

The 1948 International Temperature Scale is probably lower than the 
thermodynamic scale by an amount varying from 0.8° C at 800°C to 12°C 
at 4000° C as a result of the latest determinations of the gold freezing point 
and the second radiation constant. This already exceeds the uncertainty of 
optical pyrometry which will shortly be reduced still more by the use of a 
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photomultiplier instead of the observer’s eye in making a photometric match. 
An early revision of the 1948 Scale is therefore suggested. 
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THE DECAY OF Os"! AND Os}! 


S. V. NaBLo,? M. W. Jouns, A. ArtNA,’? anpD R. H. GoopMAN 


ABSTRACT 


The beta- and gamma-ray spectra of Os! and Os! have been studied with a 
magnetic beta-ray spectrometer, scintillation spectrometers, and coincidence 
circuits. The 14-hour isomer of Os'*! decays via a 0.0742-Mev (M3) transition. 
Gamma rays of energy 0.0418 (100%, E3), 0.0809 (1%, !M1+ £2), 0.1287 (100%, 
M1+£2), and 0.1858 (0.1%) Mev have been found to be associated with the 
14.6+0.3 day decay of Os! and an extension of the accepted decay scheme 
proposed. The following 19 transitions have been associated with the 31.5+0.5 
hour decay of Os!*: 0.0730 (14%), 0.1068 (~1%), 0.1393 (10%), 0.180 (0.3%), 
0.196 (0.1%), 0.243 (~0.2%), 0.2485 (0.3%), 0.2514 (0.4%), 0.278 (0.6%), 
0.2810 (1.6%), 0.2885 (0.3%), 0.2994 (0.4%), 0.314 (0.3%), 0.3218 (1.7%), 
0.3620 (0.6%), 0.3878 (1.6%), 0.4604 (4.1%), 0.4857 (0.3%), and 0.5585 (2.2%). 
The internal conversion coefficients for all the stronger transitions suggest that 
they are M1+£2 in character. The decay energy of Os! is 1.132+0.005 Mev. 
Fermi analyses and beta-gamma coincidence experiments have established 
excited states of Ir! at 0.073, 0.139, 0.281, 0.362, 0.460, and 0.559 Mev above 
the ground state. Six otherwise unclassified weak gamma rays can be accom- 
modated if levels at 0.247, 0.315, and 0.613 Mev are included in the decay scheme. 

The activation cross sections of Os!*4 and Os!®° are (2.2+0.5) X 108 and 5.342 
barns respectively, relative to Seren’s value of 1.60.4 barns for Os', 


INTRODUCTION 


The neutron-induced activities of Os!**, Os!%!, and Os! have been under 
study in this laboratory for some time. An earlier paper (Johns, Nablo, and 
King 1957) dealt with the results obtained for 93.6-day Os'**; the present 
publication deals with the decay of 14-day Os™ and 32-hour Os", 

A succession of investigations (Saxon 1948; Bunker et a/. 1950; Kondaiah 
1951; Swan and Hill 1952; Cork et al. 1953; Mihelich et al]. 1954; and Naumann 
and Gerhart 1954) have established the main features of the decay of Os™!. 
The present work confirms the earlier results and provides some extension 
of the knowledge of the levels in Ir'®. 

The decay of Os! has been studied by Bunker et a/. (1950), Swan and Hill 
(1952), Cork et al. (1953), and de Waard (1954, 1955). In particular de Waard 
has firmly established four levels in Os'!** by means of an electron coincidence 
spectrometer. The present investigation confirms de Waard’s decay scheme 
and extends it through the identification of several additional levels. Some of 
these results have appeared in abstract form (Nablo and Johns 1956). 


APPARATUS AND METHOD 

The internal and external conversion spectra of both nuclides have been 
studied with a 50-cm Siegbahn-type beta-ray spectrometer and scintillation 
coincidence spectrometers. The equipment and methods used have already 
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been described (Johns and Nablo 1954; Johns, Nablo, and King 1957) and 
will not be discussed in detail here. Sources were prepared from spec-pure 
osmium metal irradiated for periods from 1 to 23 days in the Brookhaven 
reactor. There was a small amount of 70-day Ir’ activity present as a con- 
taminant in the longer irradiations but, since its spectrum was well known, it 
was not difficult to correct for it. 

The half-life for each of the nuclides was determined. The 14-day activity 
was studied using an end-window Geiger counter with a 1.9 mg/cm? window. 
The decay of two beta sources about 4 mm in diameter and 400 ug/cm? thick 
was followed for a period of 142 days. The counter plateau, efficiency, and 
deadtime were checked frequently with a Cs'’? source which was, in effect, 
used as a long-lived reference standard. Since the contribution of the 93.6-day 
Os!** activity was only 0.5% of the total activity at the beginning of the 
experiment, the measured half-life was quite insensitive to the corrections 
for this background. The half-life of Os! was measured by following the decay 
of the K-peak of the strong 0.460-Mev gamma ray converted in gold, for a 
period of four half-lives. 

Since the spectra of all the osmium activities are rich in conversion lines, 
the gamma rays are accompanied by a large number of X-rays which dominate 
the external conversion spectrum in the region from 50 to 70 kev. In order 
to study this region by external conversion, it was necessary to attenuate 
these radiations by placing a sheet of tin 0.6 g/cm? thick between the source 
ampoule and the 0.4 mg/cm? radiator support. 

For internal conversion studies below 50 kev, the photomultiplier was 
cooled to reduce the noise background. With cooling, and the selection of a 
“‘quiet’’ tube, 100% electron detection was easily obtainable for 25-kev 
electrons with a noise background of 100 counts/minute. Even with cooling, 
it was impossible to control the noise at the photomultiplier voltages needed 
to detect electrons of still lower energy. 














EXPERIMENTAL RESULTS—Os"™ 

The half-life of Os! was determined to be 14.6+0.3 days from an analysis 
of three separate sources. This value is in good agreement with other values 
quoted in the literature (Katzin and Poberskin 1948). 

The external conversion spectrum produced in thin gold or uranium radiators 
is dominated by the peaks of the 0.129-Mev radiation (see Fig. 3). Insert (A) 
of Fig. 1 shows a clearly defined electron peak of 1148 gauss-cm, observed 
with a 0.4 mg/cm? gold radiator. This peak was studied over a period of 30 
days and found to decay with a half-life of 14+2 days. It is considerably 
narrower than the adjacent L-peaks of the 0.129-Mev gamma ray and there- 
fore must be due to K-conversion of a gamma ray of energy 0.1858 +-0.0004 
Mev. Its L-peaks were too weak for detection in the presence of the strong 
















Compton distribution of the Os!*® gamma rays. 






Figure 1 presents the internal conversion spectrum of this nuclide. It is 
dominated by the conversion lines of the 0.0418 and 0.1287 Mev gamma rays. 
‘There are a number of weak peaks between 800 and 1000 gauss-cm. Some of 
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these are due to KLM-Auger electrons, but those above 900 gauss-cm are 
due to a gamma ray of energy 0.081 Mev converted in iridium. Insert (B) 
of Fig. 1 shows in more detail the appearance of this portion of the spectrum 
5 days after a 3-day irradiation. The peaks between 850 and 900 gauss-cm 
represent a superposition of lines associated with the 14-hour isomer, Os! 
and Auger electrons but the peaks associated with the 0.081-Mev gamma 
ray are clearly defined. 


129 KEV 
LM 


00 1200 1300 


129 Kev 
L MN 


800 1000 
He (GAUSS—cCM) 


Fic. 1. Conversion spectra of Os". 

(A) External conversion spectrum obtained with a 0.4 mg/cm? gold radiator, showing 
the K-conversion peak of the 0.186 -Mev radiation. 

(B) Portion of the internal conversion spectrum 5 days after a 3-day irradiation. The 
spectrum shows Auger electrons, a slight contribution from the 0.074-Mev isomeric transition; 
and the L- and M-conversion peaks of the 0.0809-Mev radiation. 

(C) The Os internal conversion spectrum 21 days after irradiation. The beta spectrum 
predicted from a Fermi analysis is shown as a dotted curve. The experimental points extend 
down to 500 gauss-cm. This figure does not reveal the detailed contour of the conversion and 
Auger lines around 900 gauss-cm. Their contribution was subtracted before the Fermi analysis 
was made, 


The region of the spectrum between 850 and 1100 gauss-cm was used to 
carry out a Fermi analysis of the spectrum. The shape of the underlying 
continuum is shown as a dotted curve in Fig. 1. The end point was found to 
be 0.148+0.003 Mev in good agreement with Kondatah’s (1951) value. 

Although the detection efficiency of the magnetic spectrometer was 100% 
for electrons of momentum greater than 500 gauss-cm, self-absorption in the 
source seriously attenuated the 0.042 conversion peaks except in very thin 
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(and weak) sources. The dotted lines shown in Fig. 1 represent the estimated 
contour of the 0.042-Mev L-conversion line and of the continuum below 
the cutoff point of the detector. In all runs, there was evidence for a weak L1 
conversion peak associated with the 0.042-Mev transition although it does 
not show on the scale of Fig. 1. 

The 0.0742-Mev isomeric transition in Os! dominates the low energy 
conversion electron spectrum for the first few days of decay (see Fig. 6). 
After a 48-hour irradiation, the 14-day activity increases by a factor of about 
three over the activity at zero time before decay sets in. However, since 
our measurements were rarely begun until at least 14 hours had elapsed, we 
have made no attempt to use this data to obtain relative activation cross 
sections of the 14-hour and 14-day activities. In the data presented below, 
the small corrections necessary for this growth factor have been taken into 
account in correcting for decay. 

The K-shell internal conversion peak of the 0.186-Mev transition falls on 
the trailing edge of the strong 0.129-Mev L-peaks and was not detected. The 
results of the measurements on Os!*! are summarized in Table I. 






TABLE I 
RADIATIONS OF Os! 














Conversion line 












Transition energy, intensities, Multipole Transition 
Mev &% of continuum Conversion ratios assignment probability 
0.0742+0.0003 14-hour isomer (L1+L2)/L3 = 0.83 M3 
Li > L2 





L/(M+N) = 2.1 
26 L1/L2 ~ 0.1 






0.0418+0.0003 Nii+u2 









N13 = 20 (L14+L2)/L3 = 1.3 E3 100% 
Nu = 34 L/M =13 
Nw = 13 

0.0809 +0. 0008 Ni = (2.38 bl: 32:23 = '0.6:1:3::1.0 M1(60%) ~1% 
Now eae +E2(40%) 

0.1287 +0. 0006 Nr = 54 ax = 2.16+0.20 M1(80%) 100% 
Ni = 16 az, = 0.64+0.07 + E2(20%) 
Nusn =5 K/L = 3.4 
N. = 25 

0.1858+0.0004 K-shell conversion 







in Au 













DISCUSSION—Os"™ 


The strong 0.0418- and 0.129-Mev transitions have been studied by other 
workers and the present work merely confirms their conclusions. The total 






conversion line intensity of the 0.042-Mev transition is 93% according to the 






present measurements. When one considers the extrapolations involved in 





Fig. 1, the fact that this value is so near unity is somewhat fortuitous. 






The 0.081-Mev transition has been observed in the decay of Pt!®! by Cork 






et al. (1954) and Gillon et al. (1954) but it has not previously been shown to 






accompany the Os! decay. The 11:12: 13 ratio found here is in excellent 
agreement with the 0.6: 1.1: 1.0 ratio found by Gillon and clearly identifies 
the transition as a M1+ 2 mixture. 
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The 0.186-Mev radiation has not been previously reported. It may possibly 
correspond to the unclassified 0.188-Mev gamma ray found by Tomlinson 
and Naumann (1955) in the decay of Pt!. 

The decay scheme of Fig. 2 presents a comparison of the information avail- 
able concerning low-lying levels in Ir!*! as obtained from studies of Os!*! and 
Pt!*!, Since the spin of Os! is 9/2— while that of Pt! is 1/2—, it is to be 





FS os’ 


2 OR 3/24) 


V2 OR 3/2 + 











Fic. 2. Decay scheme of Os. The left hand side of the figure shows the level scheme 
proposed by Mihelich et al. (1954) as extended in this work and the right hand side part of the 
level scheme proposed by Cork et al. (1954) from a study of the decay of Pt". 


expected that the levels of Ir'® will be populated in quite a different way in 
the two decay processes. The 0.081-, 0.129-, and 0.170-Mev levels have already 
been established by several workers. The present investigation reveals that 
the 0.081-Mev even state of spin 1/2 is populated in the Os'*! decay process 
albeit with much reduced intensity. Presumably, this level is fed by an E2 
transition of 0.048 Mev from the 0.129-Mev level. The weak Z-conversion 
peaks of this radiation would be masked by the strong M-peaks of the 0.042- 
Mev transition. 

There is good evidence in the literature for the spins and parities assigned 
to the 0.081-, 0.129-, and 0.170-Mev levels. The ground state spin of Ir 
has been measured (Mach 1950). Coulomb excitation (Davis et al. 1956) 
has revealed rotational levels at 0.129 and 0.355 Mev. The first of these is 
clearly the 0.129-Mev level of Fig. 2 and hence its spin must be 5/2+:, the 
7/2+ level at 0.355 Mev could not be excited in the Os™ decay process. 

The £3 character of the 0.042 Mev radiation makes the 11 /2— assignment 
to the 0.170-Mev level almost mandatory. The log fot value for the beta 
transition to this level is 5.4, characteristic of an allowed transition. When 
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this fact is combined with the absence of beta transitions to lower lying levels 
in Ir', one is led to a 9/2— spin assignment (Mihelich et al. 1954) for the 
ground state of Os!*!. As we shall see later, there is support for these assign- 
ments from the shell model. 

The level at 0.186 Mev has been located on the assumption that the 0.186- 
Mev radiation represents a ground state transition. The log fot value for a 
beta group feeding this level is 8.1, characteristic of the first-forbidden classi- 
fication. It seems likely that the spin of this level is 7/2+. A higher spin 
assignment is difficult to reconcile with the absence of internal conversion 
lines associated with the 0.186-Mev gamma ray while a lower one would not 
be consistent with the intensity of the beta transition. 

The presence of the intense beta rays of Os! made it impossible to detect 
the 0.387-Mev beta transition of Os"! which might be expected to compete 
with the 0.074-Mev isomeric transition. 









EXPERIMENTAL RESULTS—Os"3 

The half-life of Os'** was found to be 31.5+0.5 hours in good agreement 
with the early result of 31.9 hours obtained by Goodman and Pool (1947). 

The low energy external conversion spectrum of Os!*! and Os!*, obtained 
with a 0.4 mg/cm? gold radiator and with a sheet of tin 0.6 g/cm? thick over 
the source, is shown in Fig. 3. Figures 4 and 5 present portions of the higher 
energy region as examined with a 4 mg/cm? gold radiator. Similar spectra 
were obtained using 2 mg/cm? gold and 1.85 mg/cm? uranium radiators. In 
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Fic. 3. Low energy external conversion spectrum of Os! and Os!%, 

(A) Spectrum recorded with a 0.4 mg/cm? gold radiator with the X-rays attenuated by 
means of a 0.6 g/cm? tin sheet over the source. A weak peak due to the K8 X-rays of iridium 
converted in the LZ shell of gold is still in evidence. Without the tin shield, X-ray peaks mask 
the 0.139-Mev peak. 

(B) Spectrum recorded with a 2 mg/cm? gold radiator. 
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Fic. 4. A portion of the Os' photoelectron spectrum produced in a 4.0 mg/cm? gold 
radiator. 
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Fic. 5. The high energy portion of the Os' photoelectron spectrum produced in a 4.0 
mg/cm? gold radiator. The 0.646-Mev radiation of Os!*> is producing the Compton background 
beneath the 0.559-Mev peak. 
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addition to the prominent peaks due to previously reported gamma rays there 
are a number of weak peaks in evidence. 

The region of the spectrum between 0.15- and 0.17-Mev electron energy 
obtained with 0.4 mg/cm? gold radiators and the corresponding region as 
examined with the 1.85 mg/cm? uranium radiator contains a number of 
very weak K- or L-peaks which we were unable to resolve satisfactorily. The 
strongest of the lines in the region are due to gamma rays of 0.248 and 0.251 
Mev whose peaks appear as a partially resolved doublet in all the runs although 
the L-peak of the 0.180-Mev radiation distorts the profile of this doublet 
in the gold runs. In these runs there is fair evidence for the K-peak of a gamma 
ray of about 0.243 Mev although it is not impossible that this peak is due to 
L-conversion of a 0.173-Mev radiation. 

The 0.196-Mev radiation is also very weak and somewhat doubtful. The 
L-shell internal conversion line of the 0.362-Mev radiation appears to be 
much too intense and may indicate the presence of an otherwise undetected 
0.419-Mev gamma ray. 

Although the strong 0.646-Mev gamma ray of Os!** is not shown in the 
diagram, the Compton electrons from this radiation are responsible for a 
large part of the continuum underlying the Os! external conversion spectrum. 

The low energy portion of the internal conversion spectrum, obtained 24 
hours after a 2-day irradiation period, is shown in Fig. 6. The entire region 
is dominated by the L- and M-peaks of the 14-hour isomeric transition in 
Os™. As this 0.074-Mev activity decays, the 0.129-Mev gamma radiation 
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Fic. 6. The low energy internal conversion spectrum of Os" and Os. The spectrum as 
recorded about one day after irradiation is dominated by the strong 0.0742-Mev isomeric 
transition. The lower curve taken 3 days later indicates the nature of the Os™ plus Os! 
spectrum after the isomer has decayed. The insert shows details of two weak conversion 
peaks between the 0.129 K and L peaks. 
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associated with Os"! increases in intensity for about two days and then begins 
to decay with a 14.6-day half-life. The 0.073-, 0.106-, 0.180-, and 0.139-Mev 
transitions follow the 31.5-hour decay. An insert shows details of the 0.073-Mev 
region 4 days after removal from the reactor. At this time the 0.0742-Mev 
peaks have nearly disappeared and the residue consists of the L-peaks of the 
0.073-Mev transition together with the K-peak of the 0.139-Mev gamma ray. 
The Z-peak of the latter radiation is masked by the M’s of the 0.129-Mev 
transition but its M-peak is clearly defined. By subtraction of the residual 
activity after the 31.5-hour component had decayed away, it was possible 
to obtain an estimate of the L-electron intensity for this transition. It was 
quite impossible to disentangle the small 0.139-Mev K-peak from the stronger 
0.073-Mev L-peaks. 

Figure 7 shows the upper region of the beta spectrum with its rich array 
of conversion lines. Peaks associated with all of the stronger transitions found 
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Fic. 7. The Os" internal conversion spectrum above 1500 gauss-cm. 


in external conversion are evident. Unfortunately, most of the peaks are 
quite weak and there is sufficient overlapping to make it difficult to obtain 
reliable internal conversion coefficients from the spectrum. 

Table II presents the results of measurements obtained from spectra such 
as those described. The first three columns show data obtained by external 
conversion measurements together with the internal conversion energy data 





‘AIA GIF'O JO UONeIpes pazdajapuN ss1mI9YIO Ue jo yead-y Sepnour Aqeqoid :3uo0s3s 00} Yead-Tey 
*IUT] UOISIZAUOD-Y AIPW_-SRE"O SPPNPUT Jeo", 
‘UONLIPEL AIPT-OIST'O Wol! peayosa Ajaqaydurcouy] 
urepsoun Ayear :uOTdeIep I 
“SQUIT WOTSIaA OO 
JayIO jo JvapD St yead-py ayi AjUO ‘iSO JO Yead-p AIW-6Z1'O 243 Aq payseur st yead-7 3y3 yead-7 AdW-EZ0'O 24 PUL JOWOS! AaWY-ZELZO'O 2y2 Aq peyseu st Yead-y eqt 
"1618 JO UOIILIPEL AIP -ZTFELO'O BUazul Jo aduasaid jo asnedaq aindesut AysuaqyL 
“(SS61) “72 22 W0Ds 








A ‘ny 1% Sice 0 C000 OF Esee 0 


ny cZ'0 9000 OF LE8F 0 
) ‘ny t6°€ coor 0 7000 OF FO9F 0 
) ‘ny tT £000 OFSZ8E 0 
1) ‘Ny cro £000 0 0Z9E O 
) ‘ny 9¢°T Z1ZE $000 OFSIZE'O 
Q ‘ny 20 100 OF FIE*O 
CA+1IW £0 OF FIO IFe JON AY 620 $000 OF FH6Z 0 
1 
1 
1 
) 
1 


0 6S9°0 
‘0 699°0 
0< 097 0 
‘0+ 09F 0 
0<— Z9E'0 
‘0 09F '0 
0+ STE'0 
"0+ E190 
‘0+ 98 '0 
0<— 18¢'0 
"O<— 699° 

‘O<— €19° 


ZAa+IW 200° 00100 +00 0F8E0'0 IFt ICI ay ‘f 
CA +1W 10 0 ¢0'0 IF a ay‘ 
CAt+IW ZO'OFL0'O *xe2e3FS IFE Jl ‘f 
CA+IW 20 OF F1'0 b2FZI SFOS 3 


‘ny 220 £000 OF ESsz 0 


CA + IW 10 0*°S0'0 20 OF 61'0 I¥9 SFGS Jn ‘Ny cl Z000 OF OLSZ O 
ny e¢ 0 200 OF S22 0 
‘ny 420 > C000 OF FISS 0 
0+ LIZ “ny Zo 0 L000 OF CStZ 0 
"Oe SIS" ny 10 100 OF £t% 0 
‘0+ 6S¢° : f} 40°0 $200 OF 9610 
“0 OOF’ ; Ca+ lw £ OFS 'O 6 OF 6'1 EFS C6 “fh ony 10~ 100 OF OSL 0 
0 68T° CAa+IW £0 €8 = Fen Tol I ny PF OFTE OGET O 7LOOO OF L6ET'O 
'O— 2h6° z CF IZ jy] “ny 1 0~ £90L O £000 OF S9OL 0 
‘0+ €20° CA+IWN ose ~ (4° + V7) 40901 4] 1¢Z0°0 Z000 0 0E20 0 


ca+ TW 1 OFF '0 { ¥2 ‘{ 
LO0FF'T 


NMPOOMAHMmOOAON 
oooonrooonorton 





2 
19 
= 
o 
oF 
3 
° 
> 
wi 
e 
2 
~ 
<= 
Oa 
°F 
° 
Zz 
% 
2 
° 
= 
z 
< 
a 
< 
a 
< 
Oo 


awiayos Yr quow Wo sOlLX sO1X :ul ye , [PD }2 YAOD YIOM BUBSII 
Aesap ul “qoad -uZisse = —— - - . Tay Wa’ perrasqg  ‘Aqsuaqutr 
UO} BIYISSE]D uo} ajod SJUSIDYJa0o - winjuend AQJJY Ul ATuoUe uo,OYY 
-Isuely = -1 NY UOISIOAUOZ SUOT}a]a 
UOISIIAUO) SABI BUS) 


SQ JO SAVY VARY 
]] ATAVL 











1419 





NABLO ET AL.: DECAY OF Os! AND Os!% 


of Cork et al. (1953). The errors in energy quoted represent standard devia- 
tions in the mean of at least seven independent determinations except in the 
case of a few of the weaker lines where only two or three were made. In these 
cases, the errors quoted are arbitrary estimates. 

The intensities given in column 3 involve absolute determinations for the 
0.139- and 0.460-Mev gamma rays and relative intensity measurements based 
on these and a formula quoted in an earlier paper (Johns and Nablo 1954) 
for the rest. Because this formula is not easily applicable to electron energies 
below 0.1 Mev an absolute determination of the intensity of the 0.139-Mev 
radiation was made in the manner described below. In addition, wherever 
possible, intensities obtained from the gamma-ray scintillation spectrometer 
were used. 

The K-peaks of the 0.129- and 0.139-Mev radiations converted in a 0.4 
mg/cm? gold radiator are clearly separated and yet close enough in energy 
that their relative peak heights (J139/J129) in a gamma source give their relative 
intensities directly. In terms of this ratio the quantum intensity of the 0.139- 
Mev radiation, P13, was determined by means of the identity. 


Piso = Prog. (L139/ L129) . (8191/8193). 


In this expression Pj. is the quantum intensity of the 0.129-Mev radiation 
in the Os!® decay (0.25) while (8191/8193) is the ratio of the Os"! to the Os 
beta intensity as determined in a beta source. Of course, this identity is only 
applicable after the usual corrections for irradiation and decay times have 
been made for both sources and after the measured peak heights have been 
adjusted for the slight effects of differential source absorption in the quartz 
ampoules and radiator backing material. The determination of the beta 
intensity ratio is the most difficult part of this measurement. Nevertheless, 
the 3.1+0.6% value so obtained for P39 is not subject to the large uncertainties 
of the semi-empirical formula when applied to 50-kev electrons. 

The 0.460-Mev gamma ray intensity was measured by comparing the beta 
and gamma activities of Os! and Au!’ sources of about the same strength. 
Au’ was chosen as a reference because its decay scheme is simple and well 
known (Simons 1952 and Elliott et a/. 1954) and because it emits betas of 
about the same energy as Os! and only one strong gamma ray whose energy 
of 0.411 Mev is close to the Os! radiation under study. 

The beta activities of the sources were compared by means of an end- 
window Geiger counter with the sources placed in a standard geometry. The 
activities were measured with a series of aluminum absorbers ranging from 
10 to 200 mg/cm*. The ratio of source strengths was found to be quite 
insensitive to absorber thickness after the 0.148-Mev betas of Os! had once 
been absorbed and so it was possible to extrapolate to the ratio for zero 
absorber thickness with confidence. 

The gamma-ray intensities were compared by obtaining the pulse height 
spectra with a Nal(TI) scintillation spectrometer and a single channel pulse 
height analyzer. The 14 in. X2 in. crystal was covered with a shield composed 
of 0.6 g/cm? tin plus 0.5 g/cm? lead to stop the primary betas and at the same 
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time attenuate the strong low energy radiations of Os'®! which tended to 
overload the analyzer. This screen had a very small effect on the radiations 
of interest. 

The experimental photofraction for the particular crystal and geometry 
used was determined for the Au®* and Cs'*? gamma rays and the dependence 
of photofraction on energy deduced from these points and the theoretical 
curves of Berger and Doggett (1956). The detection efficiency of the crystal 
as a function of energy was taken from the comprehensive results of Stanford 
and Rivers (1958) which were applicable to the geometry used. 

With the aid of the photofraction curve, the pulse height spectrum of Os! 
was analyzed into components as shown in Fig. 8. It is clear that the photo 
peak area of the 0.460-Mev gamma ray is quite insensitive to the photo- 
fractions used for the 0.559- or 0.646-Mev radiations. The contribution of 
the 0.646-Mev radiation of Os'®* was determined experimentally by allowing 
the Os! contribution to decay away and rescanning the spectrum. 
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Fic. 8 Gamma-ray spectrum of Os!* and Os" as recorded in a scintillation spectrometer. 
The contributions of each of the five higher energy gamma rays to the complete spectrum 
is shown 


The absolute intensity of the 0.460-Mey radiation can be deduced from 


the relationship 
P ge — (146 I411) (Bau/Bos) (O.95) (1 + C04) ‘(I + Cau) 


where (Jego/J4s;) is the ratio of the gamma-ray intensities corrected for absorp- 
tion in the beta stopper and to zero decay time and (B,gy/Pog) is the beta 
activity ratio at the same time. The expressions eo, (=0.01) and egy (=0.05) 
represent the number of conversion electrons per decay of energy over 0.2 Mev 


in the osmium and gold spectra respectively and 0.95 is the number of O.411- 
¥ | ) 
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Mev photons per decay of Au’. Because the two gamma rays are of nearly 
the same energy, the intensity ratios are quite insensitive to the photofractions 
or efficiencies used. The result of nine independent determinations of Pro 
gave the value of 3.9+0.2%. 

The rather incomplete information concerning conversion electrons is 
presented in the next four columns. The number of electrons per disintegration 
was found by comparing the area under each conversion peak with the number 
of electrons in the beta continuum. Special comments concerning individual 
gamma rays or electron groups are given in the form of footnotes to the table. 
The values of ag and a, deduced from these data suggest that all the stronger 
transitions observed are 1+ £2 mixtures but the data is insufficiently precise 
to make it worth estimating mixture ratios. 

In addition, Table II records the transition probabilities deduced from 
the quantum and conversion electron intensities where possible and computed 
with a reasonable allowance for internal conversion in the other cases. In 
estimating the intensity of the 0.139-Mev transition, the E2/.W/1 mixing ratio 
of 0.56 established by McGowan and Stelson (1958) was used to go from the 
gamma-ray intensity or the Z-conversion intensity to the total transition 
probability. Both methods gave rough agreement but the value quoted in 
Table II can only be regarded as an estimate. Similarly, the intensity of the 
0.073-Mev transition is only an estimate, since the internal conversion p:aks 
of this transition were so badly masked by the 14-hour isomer. Moreover, the 
L-shell intensity had to be corrected for the computed intensity of the 0.139 
AK-conversion peak. 

Two separate beta sources, prepared in the manner already described 
(Johns, Nablo, and King 1957) were studied in the 50-cm beta-ray spectro- 
meter and the data subjected to a Fermi analysis. Each spectrum broe down 
into five beta groups whose end points could be correlated with transitions 
to levels in Ir! established through the gamma-ray measurements. In order 
to make it easier to determine the intensities of the beta groups, the end 
points of the transitions to the first and second excited states of Ir“ were 


computed from the end point of the ground state transition and the energies 
of the excited states involved. For the other partial spectra, both end points 
and intensities were treated as variables. Table IIL presents the results of 


¥ 


source two. It is quite clear that although all three analyses suggest that 
about 73°% of the transitions go to the three lowest states, it is impossible to 
obtain a reliable division between the three groups tnvolved. All three spectra 
indicate beta groups feeding the 0.281-, O.460-, and 0.559-Mev levels with 
reasonable agreement between them. 

Che intensities of beta transitions to the levels of [r’’ as deduced trom the 
transition probabilities of Table Il, and the decay scheme of Fig. 10 are also 
included in ‘Table TIL. It is seen that while the agreement is reasonable tor 


transitions to most of the levels, there are many more beta transitions to the 


0.281-Mev level, and cousequently tewer to the ground state, than predicted 


from the gamma-ray intensities 
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A series of beta-gamma coincidence experiments was carried out using an 
anthracene beta detector and a sodium iodide gamma-ray detector, together 
with two scintillation spectrometers. The gamma-ray detector was set to 
accept the photo-peak of one gamma ray and the end point of beta rays in 
coincidence with it was determined by scanning with the beta spectrometer. 
The results of these experiments are presented in Fig. 9, which shows 
| V(E)/GW?}!” as a function of energy for each gamma ray, and in Table III. 
The scintillation spectrometers were calibrated with either the Cs"? gamma 


400 500 600 
ENERGY (KEV) 


Fic. 9. Beta-~gamma coincidence spectra as recorded with the scintillation spectrometer. 
(A) Beta rays in coincidence with the 0.559-Mev gamma ray. 
(B) Beta rays in coincidence with the 0.460-Mev gamma ray (open circles) and with the 


0.388-Mev radiation (triangular points). 
(C) Beta rays in coincidence with gamma rays from 0.24 to 0.3 Mev. 


ray or its associated conversion electrons. The results show clearly the existence 
of beta groups feeding the 0.559- and 0.460-Mev levels. It is also clear that the 
beta group feeding the 0.362- and 0.388-Mev gamma rays has the same end 
point as that for the 0.460-Mev gamma ray. There is also a beta group in 
coincidence with some of the many gamma rays of energy between 0.24 
and 0.30 Mev. Transitions to the 0.139-Mev level were found to exist but 
the end point was masked by the high chance rate associated with the 0.129- 


Mev radiation of Os". 
There are very few gamma-gamma coincidences in this spectrum. A number 


of experiments were carried out to detect coincidences with the 0.139-Mev 


radiation but these were inconclusive for the reason given in the last para- 
graph. Reasonably clear-cut evidence was found for coincidences between 
the 0.278- and 0.281-Mev radiations. 


DISCUSSION —Os8 


The decay scheme embodying the results of the experiments described is 
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shown in Fig. 10. The level scheme is an extension of that proposed by 
de Waard (1954). The levels at 0.073, 0.139, 0.281, and 0.460, found by him, 
are more firmly established by the discovery of a large number of weak gamma 
rays which had escaped detection in earlier studies. The beta-gamma coinci- 
dence experiments of this work lead to essentially the same conclusions as 
the conversion-electron—beta-ray coincidence experiments carried out by 
de Waard, with somewhat better resolution. 


IR 


Fic. 10. Decay scheme of Os". The levels on the left hand side of the figure are established 
by energy and coincidence data while those on the right are identified by the energy fit alone, 


The 0.559-Mev level is also well established by three relatively strong 
gamma rays, by beta-gamma coincidences and Fermi analyses. Supporting 
evidence is supplied by two weak transitions. The level at 0.362 Mev also 
appears to be reasonably well established. 

There seems to be no unique way of fitting the remaining six gamma rays 
into the decay scheme. A level at 0.387 Mev, originally suggested by de Waard 
(see Dzelepov and Peker 1957), accounts for the 0.106-, 0.248-, and 0.314-Mev 
transitions and also uses the 0.387-Mev gamma ray already included as a 
transition from the 0.460- to 0.073-Mev levels. Since the beta~gamma coinci- 
dence studies strongly support the latter assignment, the assignment of the 
0.387-Mev radiation as a ground state transition is possible only if one wishes 
to include it twice in the decay scheme. If a 0.387-Mev level is included, there 
ought to be a relatively strong beta group feeding such a level and very few 
betas feeding the 0.281-Mev level. These conclusions are in direct contra- 
diction with the results of the Fermi analyses and the beta~gamma coincidence 
studies, which indicate very few betas feeding a 0.387-Mev level and a strong 
group feeding the level at 0.281 Mev. If one accepts the 0.387-Mev level as 
real, one still requires at least two more levels to account for the remaining 


three gamma rays. The suggestion that there may be a level at 0.640 Mev 
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(Dzelepov and Peker) cannot be justified on the basis of the present energy 
measurements. 

An alternative, and again not entirely satisfactory, suggestion is proposed 
in Fig. 10. By including levels at 0.613, 0.315, and 0.247, one can account for 
all six weak transitions. This proposal uses each gamma ray only once, and 
is reasonably consistent with the beta-gamma coincidence data and the Fermi 
analyses. However, it is difficult to explain the absence of transitions from the 
0.613-Mev level to the 0- and 0.073-Mev levels since these transitions would 
fall in a good region for detection. If these transitions exist, their intensity 
must be below 0.3 photons per disintegration. Even with this proposed scheme, 
there still remains an inconsistency between the intensity balance as deduced 
from beta-ray measurements and those obtained from gamma-ray measure- 
ments. No matter how one forces the data there seem to be too many beta 
rays feeding the levels in the decay scheme above 0.139 Mev. Part of this 
discrepancy is, no doubt, due to failure to detect some low energy radiations 
of appreciable intensity but it is difficult to believe it can account for all of it. 

Log fot values for beta transitions to the levels shown in the decay scheme 
lie in the range 7.4 to 8.0 for transitions to the 0-, 0.073-, 0.139-, 0.460-, and 
0.559-Mev levels and in the range from 8.8 to 9.1 for the others. One concludes 
that all the observed beta transitions are first-forbidden. 

Experiment shows that the ground state spin of Ir! is 3/2 (Mach 1950) and 
shell theory assigns it positive parity. Coulomb excitation experiments (Davis 
et al. 1956) establish the sequence of rotational levels 0 (3/2+), 0.139 (5/2+), 
and 0.368 (7/2+) in Ir'%. The second of these is obviously the 0.139-Mev 
level of Fig. 10. First-forbidden nonunique beta transitions occur to both the 
0- and 0.139-Mev levels and hence the ground state spin of Os must be 
either 3/2— or 5/2—. Since shell theory rules out the 5/2— choice, we conclude 
that the ground state of Os! has spin 3/2 and negative parity. 

One would expect the sequence of low-lying levels in Ir and Ir which 
differ only in the number of paired neutrons to be similar. The arrangement 
of levels in Ir! is 0 (3/2+), 0.081 (1/2+), and 0.129 (5/2+). Of these the 
3/2+ and 5/2+ states correspond to the 0- and 0.139-Mev levels in Ir!%. 
The 0.081-Mev level could be either 1/2+ or 3/2+ from the decay pattern 
in Os!*!, Shell structure arguments, discussed below, indicate that the 1/2+ 
choice is probably correct. The same arguments suggest a 1/2+ assignment 
for the 0.073-Mev level in Ir'%, although the evidence from the decay process 
would exclude neither a 3/2+ nor a 5/2+ description. The 7/2+ choice 
suggested by de Waard is inconsistent with the presence of a strong beta 
group feeding this level. It may be that the 0.362-Mev level of Fig. 8 is the 
0.368-Mev 7/2+ state found by Coulomb excitation, but, until some of the 
spins of lower states are uniquely assigned, this cannot be determined with 
certainty. 

Likewise, it seems impossible with the data available to make unique spin 
assignments to the other levels of Ir'*, although several of them can be clearly 
labelled as having positive parity. Attempts to interpret these levels as due 
to collective excitations have also been fruitless. 
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Nilsson (1955) and Mottelson and Nilsson (1955) have given a relatively 
unforced explanation of the ground state spins of odd A nuclei from mass 
151 to 193 in terms of a model in which the nucleons move in an ellipsoidal 
potential. The stability of the single particle levels in this potential are cal- 
culated as a function of a deformation parameter, 6, which is simply related 
to the intrinsic electric quadrupole moment of the nucleus. The order of filling 
of the particle levels also is sensitive to the choice of two parameters, up and 7 
whose values vary from shell to shell subject to the condition that the sequence 
of levels of the shell model will be reproduced when 6 becomes zero (i.e. for a 
spherical nucleus). Nilsson presents curves showing the level energies as a 
function of 6 for a selected choice of » and “% Measured electric quadrupole 
moments have been used to compute the deformation parameters for sufficient 
nuclei to make it possible to draw a curve relating this parameter to atomic 
mass. For masses in the range 185-193, the value of 6 decreases roughly 
linearly from 0.20 to 0.13. 

For the choice of parameters made by Nilsson, the lowest levels available 
for the unpaired neutron or proton in the nuclei of concern here are given in 
Table IV, in order of increasing energy. It is seen that the predictions of the 
model are reasonably good. For the four odd neutron nuclei, the agreement 


TABLE IV 
PARTICLE LEVELS IN ODD A NUCLEI 





= = 











Nuclide 6 Particle levels in order of increasing energy 
Wane 0.19 (7/2—)*, 1/2- 3/2-f, 9/2- 
gifMices 0.19 7/2-, 1/2-, 3/2- 9/2-— 
ahs 0.14 (9/2), (1/2-), 3/2—, 11/2+ 
—ece 0.13 (9/2-), (1/2—), 11/2+, 3/2- 
og Piss 0.19 (5/2+), 9/2— 

gale 0.14 11/2-, 3/2+, 1/2+ 

oe 0.13 11/2-, 3/2+, 1/2+ 


*Parentheses indicate that level has already been occupied. 
tThe experimental spin assignment is in bold face type. 


can be made complete by shifting the 7/2, 9/2, and 11/2 levels slightly upward, 
i.e. by adjusting the parameter y slightly downward. The case of the three odd 
proton nuclei is discussed by Mottelson and Nilsson (1955). The order of 
filling of the 5/2+ and 9/2— level in Re!*® seems to pose a problem but the 
correct order of filling of the levels in Ir and Ir'!* can be achieved by a very 
small upward shift in the 11/2— level. It is interesting to note that in both 
Ir! and Ir, one expects to find low lying particle levels of spin 1/2+ and 
11/2—. In Ir, both of these levels have been identified. It may be that the 
0.073-Mev state of Ir! is the 1/2+ state; the 11/2— level could not be fed 
by beta decay from Os', 


ACTIVATION CROSS SECTION OF OSMIUM NUCLEI 


Since the decay schemes of Os!*®, Os!!, and Os'® are now well known, it is 
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possible to deduce the activation cross sections for the formation of these 
nuclides by comparing the intensities of the radiations emitted in the three 
decay processes. Immediately after an irradiation of duration ¢, the relative 
intensity of two radiations, whose branching ratios are f; and fe, will be given 
by 11/I2 = (M2/Mj).(A1/A2). (01/02). (f1/fe). 1—e™" 9) /(1—e 2"). In this 
expression M, A, and o refer to the mass, abundance, and neutron capture 
cross sections of the target nuclei, while f refers to the branching ratio of the 
radiation under study. The abundances of the Os'*4, Os!%, and Os!” nuclei 
are known (Nier 1937) to be 0.018%, 26.4%, and 41.0% respectively. Seren, 
Friedlander, and Turkel (1947) obtained activation cross sections for Os!9° 
and Os!” by counting activated foils with a thin-window (4 mg/cm?) Geiger 
counter. Their experimental method would be expected to give good results 
(+25%) for the 31.5-hour beta activity with its 1.1-Mev end point, but could 
seriously underestimate the activity associated with the 14-day Os". In fact, 
the counter window alone would prevent at least 80% of the electrons from 
reaching the sensitive volume, and source absorption in the metallic osmium 
powder would reduce the fraction detected still further. Their values for the 
Os!*° and Os! cross sections (modified to agree with the identification of the 
31.5-hour activity with Os!) are 8+3 and 1.6+0.4 barns respectively. 
Lindner (1951) obtained an estimate of 20 barns for the Os!'*! cross section 
but points out that it may readily be in error by a factor of 10. 

Soon after the present investigation began it was realized that the sources 
contained far more Os!** activity than expected on the basis of the cross 
section quoted above and it seemed worthwhile to check these values by 
comparing the intensities of the 0.646-Mev radiation of Os'®® and the 0.129- 
Mev radiation of Os with the 0.460-Mev gamma ray of Os!'*. The comparisons 
were made both with scintillation counters and suitable radiators (10.3 mg 
uranium for the 0.460- and 0.646-Mev gamma rays and either 0.4 mg/cm? 
gold or 1.85 mg/cm? uranium for the 0.129-Mev radiation) in the magnetic 
spectrometer. A summary of ratios taken from six sources is presented in 
Table V together with information concerning irradiation times and the 
experimental method used. While the 0.460- and 0.646-Mev gamma rays fall 


TABLE V 
ACTIVATION CROSS SECTIONS FOR QOs!84, Qs!9°, AND Os! 


Irradiation time, 





hours 24 35 52.4 86 97 555 555 Mean ratio 
(oe46/o460) X 10-4 2.79 3.09 — 2.67 2.98 2.72 = (2.85+0.2) 
Method Sc.Sp. Sc.Sp. U-U U-U U-U 
(0129/0460) 17.8 19.7 16.0 — 21 21 15.5 18.542 
Method Sc.Sp. Sc.Sp. Au-U U-U U-U Au-U 
oiss/oin = (1.440.2)108 (fess = 0.79 fico = 0.039) 
oi9/oi2n = 2.94+0.4 (fixe = 0.25 fico = 0.039) 
= 3.7+0.5 (Beta spectra) 
Mean value 3.3+0.5 
oiss = (2.2+0.5)X 10° barns oi = 5.342 barns oie = 1.6+0.4 barns* 


*Normalized value taken from Seren et al. (1947). 
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in the same energy region and hence can be compared fairly easily, the 
magnetic spectrometer is not easily adapted for a comparison of a 0.129- 
and 0.460-Mev radiation. The measurements on the low energy gamma ray 
were made by using the L-peaks and assuming the L-shell cross section to be 
0.2 of the total photoelectric cross section. It is evident from Table V that the 
ratios obtained from different radiators and from the scintillation spectro- 
meters all give reasonably good agreement. 

While the ratios o616/o460 and o129/o460 are independent of the decay scheme 
accepted for the nuclei involved, the ratio of the capture cross sections 
o184/C192 ANd oj90/o192 are directly dependent on the transition probabilities 
(f values) for the gamma rays involved. Table V presents the cross-section 
ratios obtained for the f values quoted and the actual cross sections based on 
the value o = 1.6+0.4 barns given by Seren et al. (1947) for Os!. It is very 
difficult to assign errors to these cross sections. The values given represent 
attempts to give realistic limits which will include all sources of error. 

The value of 5.82 barns obtained for Os!** agrees reasonably well with the 
value 8+3 given by Seren. The value of 2200 barns is a factor of 100 greater 
than Lindner’s (1951) estimate. 
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EXPERIMENTAL INVESTIGATION OF A HOMOGENEOUS 
DIELECTRIC SPHERE AS A MICROWAVE LENS 


R. N. ASSALY 


A theoretical investigation of the imaging properties of a homogeneous 
dielectric sphere illuminated by an external source of electromagnetic radiation 
(Bekefi and Farnell 1956) has indicated that such a system might be useful as a 
microwave antenna in which the emergent beam could be rotated through 
360° by displacement of the source alone. If the diameter of the sphere is less 
than about 30 wavelengths and the dielectric constant is less than about 2, the 
calculated intensity distribution in the image region is not radically different 
from that of an aberration-free lens. 

To carry out the experimental study, an arrangement similar to that shown 
in Fig. 1 was used. Considerations of dielectric constant, dielectric loss, homo- 
geneity, and cost led to the choice of a liquid, heptane (C;Hg), as the dielectric 
material for the prototype lens. The heptane, which had a dielectric constant 
of 1.94 and a loss tangent of less than 0.0030, was contained in a hollow 
spherical shell of styrofoam, inside radius @¢ = 20.8 cm. A thin film of an 
epoxy resin isolated the heptane from the styrofoam. Open waveguides were 
used for the radiation source and for the field probe. In order to ensure that 
only electromagnetic energy which had traversed the lens reached the image 
space, the liquid sphere was mounted in the aperture of a metal screen. 


METAL SCREEN 





E-PLANE 





EPOXY RESIN 


HEPT ANE 


iY 
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Fic. 1. Schematic arrangement for the investigation of the sphere. The sphere is shown in 
cross section. 
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Fic. 4. Measured intensity distributions along near-field scans perpendicular to the lens 
axis for a frequency f = 9.60 kMc/sec and s = 43 cm. Shown also is the intensity distri- 
bution of the ideal lens of the same radius (dashed line). 
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Fic. 5. Measured intensity distributions along near-field scans perpendicular to the lens 
axis for a frequency f = 24.0 kMc/sec and s = 43 cm. 
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Fic. 6 (left). Measured intensity distributions along far-field scans perpendicular to the 
lens axis for a frequency f = 9.60 kMc/sec and s = 30 cm. 

Fic. 7 (right). Measured intensity distributions along far-field scans perpendicular to the 
lens axis for a frequency f = 24.0kMc/sec and s = 32cm. 


The measured intensity distributions in the H-plane when the paraxial 
image is at a finite distance from the lens are shown in Figs. 2 and 3 for two 
different frequencies. Shown also on these isophote diagrams are the paraxial 
and marginal foci, the caustics, and the marginal rays as determined by the 
geometric-optics approximation. 

Figures 4 and 5 show the intensity distributions along near-field scans 
perpendicular to the optical axis at distances R where these patterns ap- 
proached most closely the focal-plane pattern of an aberration-free lens. 
The far-field intensity patterns of Figs. 6 and 7 were obtained when the source 
distance s was chosen so that they approached most closely those of the 
ideal lens which has the source at its focus. For comparison, each figure also 
shows the intensity distribution in the focal plane of the ideal lens of the 
same radius as the sphere, [2/1(q)/q]? where g = 2xac/\R and J; is the Bessel 
function of the first kind and order one (see Fig. 1). The differences between 
the intensity distribution in the E- and in the H-plane were due largely to 
the radiation patterns of the source. The pattern of the open waveguide is 
more ‘tapered’ in the H-plane than in the E-plane (Silver 1949). 

As seen in the illustrations, a homogeneous dielectric sphere can produce 
intensity distributions that compare favorably with those of an ideal lens 
despite the presence of a large amount of spherical aberration. 

This work forms part of a project on microwave optics that is supported 
at McGill University by the United States Air Force, Air Force Cambridge 








NOTES 1435 
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the National Research Council of Canada for the financial assistance received. 
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FeSe., A SEMICONDUCTOR CONTAINING IRON! 


GASTON FISCHER 


During an investigation of intermetallic compounds containing transition 
elements, we found that FeSe. is a semiconductor (cf. Figs. 1 and 2). Few 
semiconducting compounds containing transition elements are known, and 
their properties are, in general, not well understood. It is therefore of interest 
to summarize the results of some electrical measurements carried out on FeSe». 

FeSe2 has an orthorhombic, C18 (marcasite) type of structure, with the 
unit cell parameters given in Table I. 


TABLE {[ 


THE UNIT CELL PARAMETERS OF FeSez AT ROOM TEMPERATURE 
AND EXPRESSED IN kX 


a b c Author 
4.791 5.715 3.575 Tengnér (1938) 
4.7895 5.7689 3.5755 Present work 


The preparation of the substance requires an unusually long time, as it 
seems that the compound forms peritectoidally at a low temperature where 
diffusion is slow. A stoichiometric mixture of the elements was heated in an 
evacuated silica tube to about 1000° C for several days. The resulting sample 
was then maintained at temperatures between 300° and 450° C for at least 
six months. To ensure that during the preparation all the selenium remained 
in the sample, the unfilled end of the tube was located in the hottest part of the 
furnace. A microscopical analysis showed that samples which had reacted 
fully were of a single phase. 

Several specimens have been prepared in this manner and it is found that 
whenever some unreacted selenium is left over, i.e. whenever the sample 
is iron-rich, the electrical resistivity at room temperature can be lower than 
that of the stoichiometric samples by as much as an order of magnitude 


‘Issued as N.R.C. No. 4877. 
Can. J. Phys. Vol. 36 (1958) 
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Fic. 1. The electrical resistivity of three samples of FeSez as a function of temperature. 
Samples A and B are stoichiometric. Sample C is iron-rich and rather porous. 


(compare samples A and C in Fig. 1). The temperature dependence of the 
resistivity is, however, not greatly affected by deviations from stoichiometry 
(cf. Fig. 1). Under 1 atm of helium, FeSe2 starts to decompose above 100° C, 
presumably by slow sublimation of selenium. The measurements of sample B 
are{not, however, very much affected by this process of decomposition. 

The determination of the Hall coefficient is rather difficult, since it is small 
and because the samples are of very variable porosity. However, the stoichio- 
metric samples are considerably less porous, and they give closely identical 
and reproducible results. At a temperature of 110° K one specimen (B) shows 
an anomalous reversal of the sign of its Hall coefficient, which is probably due 
to inhomogeneities. Between 110° K and 300° K all stoichiometric samples 
are p-type and become n-type at higher temperatures (cf. Fig. 2). An excess of 
iron seems to enhance the n-type character. 

From the slope of the resistivity versus temperature curve, we estimate the 
energy gap to be about 0.3+0.1 ev. 

All samples obtained appear to be faintly ferromagnetic. The iron-rich 
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Fic. 2. The Hall coefficient of three FeSe2 samples as a function of temperature. Note the 


shift of scale for sample A. Samples A and B are stoichiometric. Sample D is iron-rich and 
rather porous. 


samples are more strongly magnetic than the stoichiometric samples, and a 
finely divided powder can be separated into a magnetic and a nonmagnetic 
portion with a small magnet. Well resolved X-ray pictures of each portion, 
taken with a 19-cm camera, fail to indicate: (1) any difference between the 
pictures, (2) any splitting of the reflections, and (3) the presence of any line 
pertaining to a substance other than FeSes. In view of the negative results of 
the X-ray examination it is not possible to come to any definite conclusion 
concerning the ferromagnetism, but it is most reasonable to assume that 
FeSes is nonmagnetic and that the ferromagnetism is due to the presence in 
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the sample of small traces of the neighboring iron-rich phase, FeSe, (where 
1.0 < x < 1.35), which is ferrimagnetic (cf. Hirone et al. 1954). 


I wish to thank Dr. W. B. Pearson for his interest in this work and Dr. E. 
Mooser for his help during the Hall-effect measurements. 


TENGNER, S. 1938. Z. anorg. Chem. 239, 126. 
HrRONE, T., MAEDA, S., and Tsuya, N. 1954. J. Phys. Soc. Japan, 9, 946. 
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THE ANGULAR DISTRIBUTION OF INTENSITY AND POLARIZATION RATIO 
OF THE FLUORESCENCE OF ANTHRACENE CRYSTALS* 


F. R. Liesett AnD L. TARDIFT 


During the construction of an optical apparatus intended to give a measure 
of the quantum efficiency of fluorescence of organic single crystals, the question 
arose as to what form the angular distribution of intensity of the fluorescence 
might take. The crystals in question are highly anisotropic in crystal structure 
and refractive index, and both their absorption and fluorescence spectra 
are strongly polarized (for references see Lipsett 1957a). The spectra in a 
particular experimental arrangement may be further complicated by the 
reflection and absorption of the fluorescent light within the crystals. In order 
to determine what form the angular distribution takes, therefore, a simple 
experimental apparatus was set up, and the distribution of a typical organic 
crystal, anthracene, was determined. At the same time the polarization ratio 
of fluorescence for anthracene crystals prepared by various methods was found. 

A schematic diagram of the apparatus is given in Fig. 1. Light from an 
Osram 500 w Xenon Lamp (Xe) was passed through one or more Corning 
5860 filters (F,) to give monochromatic light of 3600 A. This light was focussed 
by means of condensing lenses (Z;) on toa pinhole (P). An image of the pinhole 
was focussed, after reflection from a plane mirror (MM), on to the specimen 
(S). The plane of the specimen was perpendicular to the plane of the paper, 
and the exciting light fell on the specimen at nearly normal incidence. The 
specimen was placed in a specially constructed mount which had an arm 
extending from it, at the end of which was fixed a 1P21 photomultiplier tube 
(PM), in a light tight housing. By means of the arm the photomultiplier 
could be rotated about the specimen on an axis passing through the specimen. 
The mirror (7) was mounted below the plane of motion of the photomultiplier, 
so that the fluorescence intensity perpendicular to the specimen could be 


*Issued as N.R.C. No. 4881. 
TPresent address: Explosives Wing, C.A.R.D.E., Valcartier, Quebec. 
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determined. A Wratten 26 filter (F2) placed in front of the photomultiplier 
tube prevented reflected light of 3600 A wavelength from reaching the tube 
but allowed the fluorescence, which for anthracene falls in the wavelength 
region 3900-4800 A, to pass. The photomultiplier tube could be rotated 60° 
to the left of axis AB (Fig. 1) and 35° to the right. The specimen could be 
rotated 360° about the axis AB. The rotations of the photomultiplier and the 
specimen were measured by means of graduated circles fixed on the mount. 





B 
Fic. 1. Schematic diagram of the apparatus. 
H—Light-tight housing L:—Lens 
Xe—500 w Xenon lamp M—Plane mirror mounted below 
L,—Condensing lens path of photomultiplier tube 
F,—Corning 5860 filter S—Specimen 
P—Pinhole F,—Wratten 26 filter 
D—Diaphragm PM—1P21 photomultiplier tube 


The angular distribution of fluorescence was determined for anthracene 
crystals prepared by three different methods: by growth from the melt in a 
Bridgman furnace, by recrystallization from solution in N,N-dimethylforma- 
mide, and by sublimation (Lipsett 1957b). Each type of crystal was mounted 
in the apparatus so that the ab plane was perpendicular to the incident 
exciting light. In each case the angular distribution of intensity of the fluores- 
cent light J could be expressed by the simple formula 


(1) I = In cosX 


where J is the intensity normal to the plane of the specimen (along axis AB 
in Fig. 1). Equation (1) is an expression of Lambert’s cosine law for the 
experimental arrangement employed, and the anthracene crystals may thus 
reasonably be considered as diffusely fluorescing. 

The polarization ratio of fluorescence of the anthracene crystals was de- 
termined as follows. A sheet of Polaroid was placed in front of the photo- 
multiplier (in addition to the filter), and the tube was placed along axis AB 
(normal to the specimen). The specimen was then rotated about the axis AB 
and the intensity of the polarized fluorescence recorded. Two maxima and 
two minima were obtained upon rotation of the specimen through 360°. 
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Since the polarization ratio of fluorescence of anthracene is known to be 
independent of the polarization of the incident exciting light (Ganguley and 
Choudhury 1953), the ratio of the maximum to the minimum measured 
intensities gives the polarization ratio of fluorescence. 

The results obtained are given in Table I. It should be noted that in the 
present experiments only the approximate value of the polarization ratio 


TABLE I 


THE ANGULAR DISTRIBUTION OF INTENSITY AND POLARIZATION RATIO OF THE FLUORESCENCE 
OF ANTHRACENE CRYSTALS 








; Polarization 
Reference Type of specimen ratio 
Present work Grown from the melt—poor surface 2.1 
Grown from solution in N,N-dimethyl- 2.3 
formamide 
Ganguley and Choudhury Probably grown from the melt 2.4 
1951 
Present work Grown from the melt—freshly cleaved surface 3.1 
Grown by sublimation 3.9 
Choudhury 1958 Thin single crystal film grown from solution 4.3 at 4220 At 


3.5 at 4450 A 


Ferguson and Schneider 1956 Grown by sublimation 5 
Ferguson and Schneider 1958 Grown by sublimation 5.3 at 4200 A 
4.2 at 4450 A 


*Corrected for reabsorption, refraction, and instrumental reflections, The uncorrected polarization ratios are 
higher than those of Ferguson and Schneider (1958) and of the present authors. 


for the total fluorescence was obtained, rather than the ratio for each wave- 
length throughout the fluorescence region. The results are not directly com- 
parable to those of some other research workers who have carried out in- 
vestigations of the polarization of anthracene fluorescence (Zhevandrov 1952, 
1956; Pesteil 1954; Sidman 1956; Williams 1957; Ferguson and Schneider 
1958), but, where they are comparable (Table I), show very good agreement. 
The crystals used by Ferguson and Schneider (1956, 1958) and by Choudhury 
(1958) were thinner than ours, and the variation in the polarization ratio of the 
various specimens used by Ferguson and Schneider (1958, Figs. 2 and 3) 
gives a range of values which overlaps ours. 

The most interesting aspect of the present results is that the polarization 
ratio is higher for crystals which have nearly perfect surfaces than for those 
which have poor surfaces. It has been found that the intensity of fluorescence 
of anthracene crystals depends upon the degree of perfection of the surface 
(Lipsett, Compton, and Waddington 1957), and the polarization ratio thus 
offers an additional criterion for the degree of perfection of the surface of a 
crystal. 


We are grateful to Dr. W. G. Schneider for showing us the manuscript of a 
paper prior to publication. 
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LETTERS TO THE EDITOR 


Under this heading brief reports of important discoveries in physics may be published. These 
reports should not exceed 600 words and, for any issue, should be submitted not later than six weeks 
previous to the first day of the month of issue. No proof will be sent to the authors. 


Cesium Beam Standard of Frequency* 


An apparatus for measuring the resonance frequency of the transition (F=4, m=0eF=3, 
m=() in the cesium atom in terms of quartz crystal oscillators has been developed at the 
National Research Council, Division of Applied Physics. It uses the Ramsey technique 
(Ramsey 1950) of separated oscillatory fields in a molecular beam apparatus for exciting 
the resonance. The width of the resonance is about 290 c.p.s. at the frequency of 9.210% 
c.p.s. The exciting field is obtained by synthesizing the exact frequency of resonance from 
a crystal oscillator at 5 mc (nominal). The resonance frequency is measured in terms of high 
stability crystal oscillators at 100 kc using another chain of frequency multipliers to obtain 
a low frequency beat between the two signals which can be easily measured. By this technique 
the ratio of the resonance frequency to the crystal oscillator frequency can be determined 
to an accuracy better than 1 part in 10%. A resonance curve is shown in Fig. 1. 
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Fic. 1. Ramsey resonance of F = 4, m = 0 «> F = 3, m = O transition in cesium. 


Measurement to an accuracy of 1:10° was first reported by Essen and Parry (Essen and 
Parry 1955, 1957) and, to the best knowledge of the authors, this is the second successful 
report of a definitive standard. A crystal oscillator controlled in frequency by a cesium beam 
tube has been developed by the National Company of Malden, Mass. (National 1956), but 
in the opinion of the authors it does not constitute a definitive standard. 

In order to define the frequency of resonance of this transition in absolute terms, a knowledge 
of the second of time is required. Unit of time is usually measured in terms of Uniform Time 2 
(UT2). Because of the irregularities of the period of rotation of the earth a second of UT2 
varies slightly from month to month. In order to avoid later confusion, the frequency of 
resonance in terms of UT2 will be reported only after the current length of the second of 
UT2 has been published by the observatories. 


*Issued as N.R.C. No. 4889. 





Can. J. Phys. Vol. 36 (1958) 
1442 





i 


aaa insnenemnamene ama 


j 
i 
; 
} 





LETTERS TO THE EDITOR 1443 





i One of the authors wishes to acknowledge his discussion with Dr. L. Essen of the National 
! Physical Laboratory of England during the early stages of this programme. The authors are 
very grateful to Dr. Hin Lew for his advice and the benefit of discussions with him. They 
also want to express their appreciation for the constant encouragement and interest of Dr. 
L. E. Howlett and Dr. J. T. Henderson throughout this work. 
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